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INTRODUCTION

Few problems in the history of science have drawn as much fascination as the movement
of celestial bodies in space. What we now denominate the N-body problem, has been a
subject of study since the beginning of history and is still being studied nowadays. One
of the main methods to study this problem is through numerical simulations.

Astronomers have historically made their discoveries by looking through the eyepiece
of a telescope. Nowadays, however, scientists can take advantage of the known laws of
physics to create computer programs that mimic how the Universe works. Those pro-
grams, or simulations, can be used together with observations from telescopes as two
faces of the same coin, to compare what is happening against what we think is supposed
to happen. As the strength of astronomical observations relies on having a good telescope
and using it correctly, the same applies to simulations and the numerical tools that are
used to create them. The strength of computational astrophysics relies upon the quality of
the numerical methods employed.

Our contribution to the field of computational astrophysics is the exploration and cre-
ation of new methods that optimize simulations of the gravitational N-body problem. We
take advantage of the recent, paramount popularity of Machine Learning methods to find
tools that can suit our problem. But let us take things one step at a time.

1.1 Part 1. The gravitational N-body problem

One of the first models of the Universe that is known to history dates from the fourth cen-
tury BCE. Eudoxus believed that the universe was arranged as a series of nested spheres
sharing the same center. The center would be the Earth and there would be one sphere for
each of the five known planets, the Sun, and the Moon. Finally, one last sphere contained
the stars. Aristotle, being a contemporary of Eudoxus, contributed to improving the model
by adding some spheres to counteract the motion of the previous planetary sphere (see a
more complete historical description in Americo (2017)). In the second century AD, the
Alexandrian astronomer Ptolemaeus formulated a new model in his Almagest and Plan-
etary Hypotheses (Toomer (1998)). This model was exceedingly complex. In order to
replicate the perceived movement of the celestial bodies in the sky, this model indicated
that the movement of each of the five planets is formed by two circles; the epicycle and
the deferent (see Figure 1.1). The difficulty of the model lies in the fact that the deferent
moves off-center with respect to the Earth but this movement was necessary to account

1



2 1.1. PART 1. THE GRAVITATIONAL N-BODY PROBLEM

for the “imperfections” that had been observed by Greek and Babylonian astronomers.

Figure 1.1: Simplified version of Ptolomaeus’ model of the Solar System.

Ptolemaeus’ Almagest became a very relevant text for astronomers in the Islamic
world, and by the year 850 al-Farghani, a Persian astronomer, had used the current ad-
vances to update the astronomical theory explained by Ptolomaeus. In 1543, Copernicus
proposed the first heliocentric model of the Solar System in his work: On the Revolutions
of the Celestial Spheres (Copernicus (1543)). Based on the complex model by Ptolo-
maeus, he simplified it by positioning the Sun in the center of the Universe instead of
the Earth. Between 1609 and 1619, Johannes Kepler published his famous three laws of
planetary motion. Challenging the models by Copernicus and Brahe, he stated that the
planets followed elliptical orbits with the Sun located in one of the foci (Figure 1.2a). He
also established that a planet swept equal areas in equal times, which means that it travels
faster when close to the Sun (Figure 1.2b). Finally, his third law states that the orbital
period is proportional to the cube of the semi-major axis of the orbit (Figure 1.2c).

A A A
a a
(a) First law. (b) Second law. (¢) Third law.

Figure 1.2: The three Kepler laws of planetary motion.

The publication of Isaac Newton’s Philosophiae Naturalis Principia in 1687 (Newton
(1687)) provided for the first time a unified equation of universal gravitation that explained
Kepler’s empirical results. This law states that the two bodies attract each other with a
force (f) that is proportional to their masses (m) and inversely proportional to the square
of the distance between them (73);

= mimsg _,
=G—=—3 T2 (1.1
|712]
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Newton’s universal law of gravitation (Equation 1.1) remains valid to our days for
many cases. However, with the presentation of Albert Einstein’s theory of General Rel-
ativity in 1915, it became clear that gravity is a perceived consequence of the motion
through space-time. This conclusion led to the final understanding of phenomena such as
the abnormal orbit of Mercury and the existence of black holes. However, for the remain-
der of this work, we will ignore relativistic effects and focus on systems dominated by
classical mechanics, i.e. Newtonian mechanics.

1.1.1 The two-body problem

Two celestial bodies attract each other through their gravitational force following New-
ton’s law of gravitation (Equation 1.1)). The force exerted by each body on the others is
proportional to its mass and inversely proportional to the distance separating them (see
Figure 1.3).

Figure 1.3: Simplified representation of the two-body problem.

Thanks to the equations derived by Kepler for the motion of a body orbiting another,
the trajectory of a two-body problem can be calculated analytically. This means that
knowing the state of a body around another one, finding its state at any future time is a
fast and relatively easy problem to solve. However, it should be taken into consideration
that a challenge arises when the eccentricity of the orbit is close to 1 (we will explain the
meaning of the eccentricity in Subsection 1.1.2). In this case, it becomes challenging to
achieve convergence in the solver for Kepler’s equation (Elipe et al. (2017)).

1.1.2 State representation

Every system of N bodies has 6N degrees of freedom. The state of the system () can be
defined with 6 independent variables for each of the bodies present. The most common
method to fully describe a system is with their positions (3 values per particle for a 3-
dimensional space) and their velocity (also 3 values for a 3-dimensional space):

§=[z, y, 2, Vg, vy, V2] 1.2)

A particular case of the two-body problem is that in which one body is significantly
more massive than the other. This is for example the case of our Solar System, as the Sun
is more massive than any other body around it. If we imagine a system formed only by
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the Sun and one minor body orbiting it (like a small planet or an asteroid), the minor body
will orbit the major following an ellipse. In this case, the state of the minor body can be
described by its position and velocity, but it becomes more convenient in many cases to
use Keplerian elements.

Keplerian elements describe a body focusing on the shape of its orbit (Curtis (2019)).
The system is fully described with 6 elements which are shown in Figures 1.4a and 1.4b.
In the figures, N represents the line of nodes, i.e., the intersection line between the orbital
plane and the ecliptic plane. The ecliptic plane is defined by the equator of the central
body.

Semi-major axis (a): the semi-major axis is a measurement of the size of the orbit. It
is half the size of the major axis of the ellipse. It is a quantity with units of length.

Eccentricity (e): describes the shape of the orbit. For an ellipse, the eccentricity is a
value between 0 and 1. When the eccentricity is 1, the trajectory becomes a parabola, and
for eccentricities larger than 1, a hyperbola. This means that the orbiting body is no longer
bound to the central one, but has escaped the system. It is an adimensional quantity.

(a) Three-dimensional representation. (b) Planar orbit representation.

Figure 1.4: Representation of the different elements that define an orbit.

Inclination (7): the inclination is the angle between the orbital plane and the ecliptic
plane. It is a positive number between 0° and 180°.

Argument of perigee (w): angle between the line of nodes IV and the eccentricity
vector, which is the vector from the center body to the periapsis of the orbit. It therefore
defines the position of the periapsis. It is an angle between 0° and 360°.

Right ascension of the ascending node ({2): angle between the y-axis () and the
line of nodes (V). It is an angle between 0° and 360°.
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True anomaly (v): the true anomaly, defines the position of the object in its orbit. It
is the angle between the x-axis of the orbit #’ and the position vector (see Figure 1.4b). It
is defined between 0° and 360°.

Therefore, the state of the system § can also be defined as:
§=la, e, i, w, Q, v]. (1.3)

Additionally, it is important to define the periapsis and apoapsis as the closest and furthest
points in the orbit from the central body, respectively.

1.1.3 Hamiltonian Systems and Conservation laws

In systems where the forces are derived from a potential function, the equations of motion
can be written as a Hamiltonian system (Easton (1993)). The Hamiltonian formalism is
the mathematical structure in which to develop the theory of conservative mechanical sys-
tems (Yahalom (2024)). A system of N particles interacting via Newtonian gravitational
forces is a Hamiltonian system that can be described using Hamilton’s formulation. The
system is then formed by two first-order ordinary differential equations for each particle
n as

dj _ oH a5 oM

dt — op;’ dt g’
where ¢ and p’represent the position and momentum vectors, respectively. The momen-
tum can be calculated by multiplying the mass of a particle by its velocity vector. The
Hamiltonian 7 represents the total energy of the system and is formed by two terms:
one for the kinetic energy and one for the potential energy. It is defined as a function of
the position and momentum vectors of the system, the masses m of the bodies, and the
universal gravitational constant G as

i=1,..,N; (1.4)

Ni [ R S Sy
H= L_GE:mi E — . (1.5
=0 2mL =0 j=i+1 HQJ — 4 ||

N————

Kinetic Energy Potential Energy

In Equation 1.5, the Hamiltonian is independent of time. Therefore,

dH
— 1.
o 0, (1.6)

which means that the total energy of the system is conserved. A change in energy in
a numerical simulation is an indication of the system not following the laws of nature,
and can therefore be used as an indication of the quality of numerical simulations (see
Subsection 1.1.5 and Chapters 2 to 5).

The second conservation law is the conservation of angular momentum. Angular
momentum is defined as the cross product of the position and velocity vectors (see Figure
1.5) in the form:
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v

Figure 1.5: Conservation of angular momentum for a system of two bodies.

al dr;
L= mfix —*. 1.7
D x (1.7)
=0
The derivative of the angular momentum equation with respect to time is 0, which
means that angular momentum is conserved (Curtis (2019)). This implies that the move-
ment of one body around another remains in a single plane.

1.1.4 The N-body problem

Pairs of celestial bodies are usually not found in isolation. Most of them are influenced by
other bodies or are a part of a larger system. Thus, planets are found in planetary systems,
stars are born in groups denominated star clusters, and all of those are also grouped in
galaxies. The Universe is a system of N-bodies that interact with one another. In reality,
most problems can be simplified by assuming that only the closest, or more massive,
bodies will have an influence over the one being studied. For example, the gravitational
potential of the center of our galaxy will always influence the movement of every object
in the Solar System. However, because this effect will be small compared to other more
relevant ones, for example, the influence of the Sun or Jupiter, we can choose to ignore
this far-away influence depending on the phenomenon that is to be studied.

The simplest case of the N-body problem is a system with three bodies. In a system as
the one represented in Figure 1.6a where three equal-mass stars move around their cen-
ter of mass, each body interacts with the other two (Figure 1.6b) with a force defined by
Newton’s equation (Equation 1.1). Unlike in the two-body problem where one particle
followed an ellipse around the other one', for a system of three bodies, the trajectories
followed are complex and vary substantially depending on the initial conditions chosen.
Three examples of those trajectories are shown in Figure 1.7. We will talk in more depth
about chaos in the N-body problem and its implications for numerical integration in Sub-
section 1.1.6. As the number of bodies increases, so does the level of complexity of the
trajectories followed by individual bodies.

IFixing the center of the system at the center of mass of one of the bodies.
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(a) Representation of the three-body problem. (b) Interactions in the three-body problem.

Figure 1.6: Simplified representation of the three-body problem and the interactions between bod-

ies.
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Figure 1.7: Examples of the trajectory of a system of three bodies.

In a two-body problem, the calculation of the gravitational force between the bodies
has only one contribution. For a system of N bodies, Newton’s equation can be rewritten

szz |27‘”, i=1,.., N; (1.8)
J;ﬁz

for each body. To calculate all the forces in a system of three particles, it would take 6
operations (or three times Equation 1.8). This number grows with the number of bodies in
the system. For N bodies, the complexity -or number of calculations- scales quadratically
with N. Knowing that the force exerted on body ¢ by another body j is reciprocal to the
one by body j on 7, the number of calculations can be reduced.

Unlike in the case of the two-body problem, there is no analytical solution for the
equations of motion. Thus, in order to know the future state of the system, we cannot
apply a given equation, but we need to take small steps using numerical integrators.

as

1.1.5 Numerical integration

Celestial bodies move in a continuous phase-space. At each moment in time their posi-
tions, velocities, and the forces acting on them vary. However, their trajectories cannot
be computed analytically for N > 3, so we need to use numerical integration methods.
Such methods propose approximate solutions for a given integral. For the problem of N
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bodies moving under the influence of gravity, the differential equation to be solved can be
written as a first-order differential equation

(

In our case, numerical integrators divide the trajectory into discrete parts called steps
and solve the equations of motion (Equation 1.9) for each of those consecutively. A repre-
sentation of the three-body problem can be seen in Figure 1.8a. From the initial conditions
or initial state 5%, the state of the system after one time step At can be calculated using
Equation 1.9. Once we have the new state at time ¢;, the process can be repeated until a
final time is reached (see Figure 1.8b).

ST

v
— m;
>_ GY.,, 2y i | (1.9)

to to + At
Mto] [ to+At]
q° q°
it S to+At
P’ 2
—to . Sto+At
g Integral of motion 92
]3‘;0 d G -y oM i ﬁ;“‘*’At
df) /#1 73] Qij
—1 Sto+At
aN aN
it Sto+AL
PN Dy
m to = to + At
(a) (b)

Figure 1.8: Graphic (a) and Schematic (b) representations of a numerical integrator.

Time step size and complexity

The size of the time step is a decision variable. Depending on the problem to be solved,
a different value has to be chosen to satisfy certain conditions. A large value of the time
step will lead to faster results, as the number of times that the equation of motion needs
to be solved is smaller. However, a large time step size is a coarse approximation of the
continuous phase space, and therefore the results will be less true to the physical world. In
contrast, a small time step size will lead to more accurate results, as it represents a better
approximation of the continuity of the trajectory, at the cost of computation time. Finding
the right balance between accuracy and computation time is a problem-dependent issue.
It will also be the main focus of Chapters 4 and 5 in this thesis. Whereas for simple exper-
iments low accuracy results may suffice, for most cases in astrophysics a good accuracy
is required to ensure that the obtained results are true to the actual behavior of celestial
bodies.
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Despite the time-step size being one of the main parameters that determines compu-
tation time, the number of bodies in the system is also a main contributor. In Subsection
1.1.4 we defined complexity as the number of operations required per time step to in-
tegrate the system. As N increases, so does the complexity, leading to radically more
expensive computations.

Numerical errors

In a numerical simulation, there are many sources of errors. Those will drive our sim-
ulation away from the truth. Firstly, we have previously talked about discretization errors.
Those appear from the assumption that the trajectory can be made into discrete pieces,
whereas in reality, it is continuous. It is directly related to the time-step size. The larger
the time-step size, the larger the error incurred.

Secondly, the simulation will suffer from round-off errors. Those refer to the error
caused by the limited precision of the computer (Boekholt & Portegies Zwart (2015b)).
Most algorithms are by default limited to 15 significant digits to store the solutions, lead-
ing to an accumulation of round-off errors at each time step. This error grows with the
number of integration steps. Unfortunately, this means that reducing the discretization
error (by reducing the time-step size) can lead to an increase in the round-off error.

Additional sources of error will appear depending on the specific configuration of the
integrator. We will describe different types of integrators and their implementations. We
adopt the denomination of unphysical solutions for those cases in which the errors have
grown to a point in which conservation laws are no longer fulfilled and therefore the simu-
lation does not adhere to the laws of physics. In those cases, the simulations are no longer
useful for most scientific purposes.

Types of numerical integrators

Numerical integrators have been developed and optimized for specific applications. The
large range of astronomy problems has also led to a variety of integrators. Here we will
review some of the most relevant types of codes used to solve the N-body problem.

The simplest type are pure codes. These do not include any physical parameters that
need to be chosen except for the time-step criterion (Portegies Zwart & McMillan (2018)).
Examples like Ph4 and Hermite will be used in this thesis. Another type are direct
N-body codes which include additional parameters to speed up the code or reduce numer-
ical errors. The complexity of these codes scales with N2. An example of this category
is a code specially suitable for the long-term integration of the Solar System; Wisdom-
Holmann integrator (Wisdom & Holman (1991)). This code belongs to a special type of
integrators denominated symplectic codes. Because of their importance for this thesis,
they deserve a more in-depth explanation. Finally, in order to reduce the computation
time in certain cases, there are approximate methods. For example, tree codes such as the
Barnes—Hut tree scheme (Barnes & Hut (1986)) assume that only particles close to a
given one will contribute to its gravitational potential and the far away particles can be
grouped into a single effect. This code saves computation time as its complexity scales
with Nlog(N).
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Symplectic integrators

In Hamiltonian systems, the solutions to the equations lie on a symplectic manifold in
phase space. A symplectic integrator is one in which the solution resides on the symplec-
tic manifold. A detailed mathematical description of the definition of symplecticity can
be found in Sanz-Serna (1992).

We have talked about the numerical errors that appear in a simulation. Instead of the
energy being perfectly conserved, discretization error leads to a linear drift in the energy
error over time. In symplectic integrators, the energy error is different than zero, but
instead of drifting (see Figure 1.9b), it oscillates around the zero value as in Figure 1.9a.

Q
<

(a) Symplectic integrator (b) Not symplectic integrator

Figure 1.9: Difference in the evolution of the energy error for a symplectic integrator (a) and a
regular integrator (b).

Because of this property, they are specially suitable for the long-term integration of
planetary systems, as in Rein et al. (2019). In this case, the integrators divide the Hamil-
tonian into two different parts: one that contains the planetary motions around the central
star, and a second one describing the interactions planet-planet.

1.1.6 Chaos

A fundamental characteristic of the N-body problem is its chaotic nature. In a chaotic
system, a small perturbation to the initial condition grows exponentially with time. In
Figure 1.10, we show how a small change in the position of one particle at the beginning
of the simulation can lead to a completely different output. Similarly, numerical errors
accumulate during a simulation and can cause the final solution to diverge from the real
one. For that reason, for chaotic systems, the necessary precision increases exponentially
with time (Srivastava et al. (1990)). In order to prevent the accumulation of numerical
errors, Boekholt & Portegies Zwart (2015b) design an integrator with arbitrary precision.
This integrator allows for minimizing round-off errors and in converged solutions, dis-
cretization errors. Then, it can be compared to other commonly used integrators. They
tested their integrator (Brutus) against other commonly used ones on the Pythagorean
problem (a special case of the democratic three-body problem). Their findings show that
only about half of the solutions give accurate results compared to the ones obtained with
the accurate integrator.
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Figure 1.10: Representation of chaos in a three-body problem.

Chaos represents an important challenge for the simulation of N-body systems. Its
effect on our methods will be inevitably present in the next chapters.

1.1.7 General assumptions

We have mentioned at the beginning of this chapter that we will not consider General Rel-
ativity (GR) in our experiments. Our assumption remains valid as long as we ensure that
classical dynamics dominate in our system. For example, when talking about planetary
systems, Mercury should not be included as its dynamics are dominated by the general
relativity effects caused by its proximity to the Sun. In fact, its anomalous rate of preces-
sion was discovered in 1859 but could only be explained by Einstein’s general relativity
in 1915 (Yahalom (2022)). For other bodies orbiting further away from the Sun, the GR
effects become more subtle and can in many cases be considered negligible.

In this work, we consider bodies as point masses. By doing so, we ignore the radius
of the body and assume that all the mass is concentrated on its center of mass. Addition-
ally, when looking at planetary systems and star clusters, we ignore stellar evolution and
assume that the mass of the star remains constant. Similarly, we ignore effects such as
radiation pressure which is mostly relevant for small objects, as shown in examples by
Mignard (1982) and Belkin & Kuznetsov (2021).
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1.2 Part 2. Machine Learning in Astronomy

The field of computational astrophysics is in constant need of faster and more efficient
methods to adapt to the increasing complexity of the simulations performed. Numerical
integrators have been developed for decades and are currently optimized for different
problems. Despite the work put on perfecting these methods, there is a limit to what they
can achieve.

With the fast growth of the field, many new Machine Learning (ML) methods have
been created in the past years. Those methods cover a large range of applications from
classification tasks to optimal control problems. In Figure 1.11, we show a simplified
classification of ML methods. Supervised learning encompasses those methods in which
labels are available in the training dataset. This means that for the training data, we know
the “real” solutions and the networks will train on learning those. There are two main
types of supervised learning algorithms: classification tasks, in which the output is one of
the different classes available, and regression, where the output is a rational number or an
array of rationals. In contrast, unsupervised learning does not involve the correct solution,
but instead focuses on finding patterns in the data. An example is clustering methods, in
which the data samples are grouped according to certain characteristics. Another example
is that of dimensionality reduction algorithms, in which the goal is to reduce the size of the
data while preserving qualities of the data. Finally, the third type of ML is Reinforcement
Learning (RL). In this case, an agent is used to learn to make decisions given a certain
situation. We will dive deeper into these types of methods in Subsection 1.2.2.

Machine
Learning
I
I I 1
Supervised Unsupervised Reinforcement
Learning Learning | . Learning
Classification Clustering EN Chapters 4 & 5

Dimensionality

Regression [, Reduction

Chapters 2 & 3

Figure 1.11: General classification of the different types of Machine Learning methods.

Despite the exceptional interest that the field has generated, most of those new meth-
ods are usually tested for the solution of simple equations or for overly simplified test
cases. There are many possible applications of ML methods to scientific fields, but iden-
tifying the transferability of those methods from simple applications to complex cases
such as the ones found in computational astrophysics is not trivial. We have explored
many such topics and will show a brief description of many interesting applications in
Subsection 1.2.3. However, this thesis focuses on two specific topics: physics-aware neu-
ral networks (Chapters 2 and 3) and Reinforcement Learning (Chapters 4 and 5). In the
next subsections, we will aim to get a fundamental understanding of those two topics.
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1.2.1 Physics-aware neural networks

Artificial Neural Networks (ANNs) are a type of supervised Machine Learning algorithms
in which a set of inputs is used to obtain a desired output. ANNs are inspired by the func-
tion of biological neural networks. Its structure is formed by neurons, generally organized
in layers, and connected to one another by nodes. The layers are usually divided into an
input layer, an output layer, and hidden layers (as shown in Figure 1.12). The simplest
type of ANNSs are called Multi-Layer Perceptrons.

Input layer \ Hidden layers ' Output layer

Figure 1.12: Simplified schematic of a basic Multi-Layer Perceptron.

The nodes connecting neurons carry a value denominated weight (/) that multiplies
the value from the neuron in the previous layer. Additionally, a bias (b) is added to each
layer. It is common to use an activation function f in the neurons to add non-linearities
and expand the capabilities of the network. Starting from a set of inputs z, the values at
the next layer (z) are calculated as

z:f<b+2xiWi> (1.10)
i=1

for a layer with n neurons.

Both weights and bias are values that are chosen to make the network achieve a cer-
tain task. This process is not done manually but through a process denominated training.
During training, the outputs achieved by the neural network with a certain set of trainable
parameters (weights and biases) are compared to the desired output associated with an
input (label). The difference between the desired output and the obtained one is denom-
inated loss function. The number of layers and the number of neurons per layer are part
of what is called hyperparameters and are values to be chosen in advance.

Neural networks have become extremely popular and many studies are being done
to improve the training, activation functions, and hyperparameter optimization. Addi-
tionally, there are many studies working on their application to scientific fields. When
applying neural networks to physical systems, it is important that the results adhere to
the laws of physics. Since neural networks are mere statistical algorithms, physics are
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not enforced. Therefore, Raissi et al. (2019a) designed the first type of neural networks
that incorporated physical knowledge; Physics-informed Neural Networks. Since then,
the field has grown at a rapid pace leading to a wide range of algorithms that in one way
or another include some physical knowledge.

We can currently divide these algorithms into two different types depending on whether
the physics are added as a soft or hard constraint. An example of the former is physics-
informed neural networks (PiNNs) as the physical knowledge is incorporated into the loss
function. This means that the physics act as a regularization term during the training, but
during inference there is no assurance that the output will adhere to the given constraint.
In contrast, some algorithms incorporate physical knowledge into their structure. In this
case, the physics represent a hard constraint. Examples of this are Hamiltonian Neural
Networks (Greydanus et al. (2019a)), SympNets (Jin et al. (2020a)), but a more detailed
study about these networks is performed in Chapter 3.

Each type presents advantages and challenges of its own. In what concerns PiNNss,
they showed that they could achieve better performance than regular neural networks
with a smaller database. Since generating datasets is generally a computationally expen-
sive task, it resulted in more efficient studies. Additionally, they managed to achieve
better extrapolation capabilities in some cases. However, as mentioned before, they did
not ensure that the results adhered to physics laws, which in some other cases led to un-
physical results. After their initial popularity and many applications (Farea et al. (2024)),
many studies have arisen to solve some of the initial challenges and create more robust
algorithms. However, there is still progress needed for them to be able to learn intricate
physical phenomena such as multi-scale and chaotic behaviors (Antonion et al. (2024)).

Neural networks that incorporate physics into their architecture have not experienced
the same popularity as PiNNs, but their results are extremely promising. There are multi-
ple types and each implementation is different. However, a common challenge is the com-
plexity added by creating network structures that represent some physical phenomenon.
By creating these structures, the problem becomes more rigid and their use to different
problems can be challenging. These challenges will be addressed in Chapter 3. The main
advantage of this method is that their results show a better adherence to the physical laws
acting upon a system, and therefore better extrapolation to unseen data.

1.2.2 Reinforcement Learning

The second part of this thesis deals with the use of Reinforcement Learning (RL) algo-
rithms. In RL, an agent is trained to learn how to choose between different actions in
order to fulfill a desired task in a dynamic environment.

The agent and the environment interact with each other via the action, the state, and
the reward function. The action represents the choice made by the agent and that will be
implemented in the environment. The state is a representation of the environment that is
fed into the agent for it to make a choice. Finally, the reward is the function that quantifies
how well the action has worked to achieve the desired goal. A visual representation is
presented in Figure 1.13. The agent makes the decision about the action to take based
on a policy, which is a decision-making function to determine the control strategy of the
agent.

There are multiple RL algorithms available, and they can be generally classified into
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Figure 1.13: Interaction between the agent and the environment in RL algorithms .

model-based or model-free RL. The first use experience to construct an internal model of
the transitions and outcomes of the environment (Dayan & Niv (2008)). The latter uses
experience to learn directly the state and action values or policies without estimating or
using a world model. The latter ones represent simpler algorithms, which becomes useful
for preliminary experiments like the ones in this work.

RL algorithms have become widely used for optimal control problems such as self-
driving cars, industry automation (Kiran et al. (2022)), finance and trading (Hambly et al.
(2023)), neurobiology (Dayan & Niv (2008)), and healthcare (Coronato et al. (2020)),
among others. Many RL applications for science problems focus on their use to create en-
gineering tools that can automatically choose some parameters to create better-performing
systems. Many examples can be found in the field of fluid mechanics and heat control
(Novati et al. (2021); Viquerat et al. (2022)). In astronomy, most applications of RL focus
on the optimal control of telescopes to improve the observation strategy (Jia et al. (2023)).
However, some techniques have also been applied to the prediction of solar flares. In this
thesis, we will focus on the use of RL techniques for the improvement of computational
tools.

1.2.3 Applications and challenges

We have identified different applications for Machine Learning in the context of the in-
tegration of the gravitational N-body problem. As we have only fully developed two
main possibilities (physics-aware NNs and Reinforcement Learning), we dedicate this
Subsection to elaborate on some of the relevant ideas identified, with our view on their
applications and challenges.

Surrogate for integration

The most straight forward application for ML in the integration of a system of N bod-
ies is the replacement of the integrator with a neural network that predicts the state of the
system at time ;1 using the state at time ¢; as an input. This idea is being applied to
multiple fields but with a special focus on fluid mechanics and weather forecasting.

The recent popularity of ideas such as Physics-informed Neural Networks (see Sub-
section 1.2.1) has led to a variety of neural networks that aim to incorporate physical
knowledge into their structure. These neural networks, but also those without physical
constraints, can be applied to many problems in astrophysics that deal with time evo-
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Iution such as stellar evolution, origin, and evolution of planetary systems, star cluster
dynamics, etc.

Each of these networks presents advantages and disadvantages of their own, but addi-
tional challenges appear when applying them to the gravitational N-body problem instead
of the standard test cases. Chapter 2 presents a detailed explanation of the advantages
and challenges of a variation of PINNs (Hamiltonian Neural Networks), when applied to
a planetary system. Although the introduction of physical constraints into the neural net-
work leads to a better adhesion to the dynamics and better extrapolation capabilities, the
training of the networks becomes more challenging. New types of neural networks that
include physical knowledge are being developed to overcome those challenges. Chapter 3
shows a new type of neural networks with a structure that resembles that of an integrator.
Thanks to their structure, they lead to better extrapolation capabilities and adhesion to the
physics.

There are two main challenges that appear when applying neural networks to the N-
body problem. The first one is the accumulation of errors made by the neural network.
In a chaotic system, this accumulation of errors can lead to large deviations from the
ground truth on short time scales. Currently, the accuracy achieved by neural networks
cannot compete with that of traditional integrators, making them inadequate for their use
in chaotic systems. The second challenge refers to the fixed size of the input. The state
of the system is used as an input to the neural network. This size remains fixed for a
trained network, which means that it is not possible to change the number of bodies in the
system without retraining. This limits the generalization possibilities of a trained network
in astronomy.

Predictor for the secular evolution of a system

Similarly to the previous case, neural networks can be used to predict the future state
of the system knowing some initial one. In this case, instead of predicting each integra-
tion step, the neural network can be used in a planetary system scenario to predict the
secular evolution of the keplerian elements of the planets. In a planetary system, most
of the evolution of a planet is an elliptical movement around the central body, but close
encounters with other planets can lead to changes in the orbit.

By using the neural network only once per orbit, we prevent the accumulation of er-
rors at each integration step. However, setting up the problem in a way that the search
space is covered is not straight-forward. In order for the algorithm to be generalizable,
the training samples need to be representative of the different scenarios that may appear.
This becomes challenging due to the large range of possible configurations of planetary
systems. Additionally, since each planet has a different orbital period, it is not clear how
to choose a time at which the secular changes are calculated.

Chaos predictor

Understanding how chaotic a system is before running the simulation can be beneficial to
choose the right time step size or, in the case of integrators such as Brutus (Boekholt &
Portegies Zwart (2015a)), the size of the mantissa. The Lyapunov exponent can be used
as a measurement of chaos.



CHAPTER 1 17

A simple neural network can be used to predict the Lyapunov exponent before the
simulation. The challenge arises from the training. In chaotic problems, similar initial
conditions can lead to radically different outputs. Solving this problem may imply a dif-
ferent choice of inputs other than cartesian coordinates, training a network that is tuned
to highly sensitive solutions, and having a large enough dataset to cover a broad range of
cases.

Generation of initial conditions

In astronomical simulations, it is often challenging to find a set of initial conditions that is
representative of real systems. For example, there are currently some assumptions that can
be applied for the initialization of star clusters such as fractal cluster models (Goodwin
& Whitworth (2004)) and several density models to choose their masses (see Plummer
(1911)). However, some of those models are decades old and make simplifying assump-
tions. Additionally, in systems in which there is gas present, the choice of initialization
becomes even more challenging.

There are multiple ML methods that are growing in popularity for their use as gener-
ative systems. Generative Adversarial Networks are a common example. Those could be
applied to the problem of finding a set of initial conditions that fit observations but contain
all the relevant information to run the simulation.

This problem comes with the challenge that the system must comply with physical
laws such as conservation of energy and angular momentum. The use of neural networks
for this problem requires the introduction of physical constraints during the training pro-
cedure.

System representation

Cartesian coordinates may not be the optimal choice for the representation of the state
of a system when using neural networks. Their large variability may make the training
more challenging depending on the problem to be solved. On the other hand, keplerian
coordinates do not combine well with neural networks. This is due to the combination
of linear parameters, such as the semi-major axis and the eccentricity, and periodic ones,
such as the angles (see Subsection 1.1.2). The use of sines and cosines in the inputs many
times benefits from specific activation functions, which might be incompatible with the
linear inputs.

Both Cartesian and Keplerian coordinates have advantages and disadvantages depend-
ing on the problem. However, there is currently no state representation designed specifi-
cally for its use in combination with neural networks. Finding a state representation that
is optimal for a specific problem could make a substantial difference in the final perfor-
mance of an algorithm.

Autoencoders have been designed to compress information while retaining represen-
tative features. This compression can be combined with any of the aforementioned appli-
cations to improve the performance of the trained networks.
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Choice of integration parameters

The choice of integration parameters can be thought of as a control problem. Although
some of these parameters can be chosen a priori, others should be adapted dynamically
during the simulation to adapt to fast-changing conditions.

Reinforcement Learning can be used during the simulation to choose parameters such
as the time-step or time-step parameter (depending on the chosen integrator). Addition-
ally, it could be used to make other choices such as the integrator at each step, or even
individual choices for each particle. We study two applications of reinforcement learning
for the choice of time step in Chapters 4 and 5.

The case of Brutus

A specially interesting case is that of Brutus integrator (Boekholt & Portegies Zwart
(2015a)). This method allows a free choice of accuracy and mantissa to ensure that the
final solution is free of numerical errors to a given accuracy, i.e., the simulation is con-
verged. In order to find a converged solution, it is necessary to run the code multiple
times with different choices of accuracy and mantissa until the results do not change sig-
nificantly. This leads to extremely computationally expensive runs, specially for chaotic
problems.

A RL algorithm that can choose those dynamically would be extremely useful to avoid
the need for the repetition of the simulation multiple times, therefore leading to a substan-
tial speed-up of each simulation. The main challenge in this case arises from the fact that
once the mantissa has been decreased to a certain number of decimal places, it cannot
be increased without incurring round-off errors. An alternative option to speed up this
convergence process using ML would be to train a neural network to predict a priori what
the simulation parameters should be, even thought in this case they would not be changed
dynamically during the simulation.

Grouping algorithms

The integration of star clusters can be computationally expensive due to the large number
of bodies present. A speed-up of this integration is sometimes achieved by using inte-
grators that group stars depending on the strength of the effect on each other. This is the
example of tree codes (see the different types of numerical methods in Subsection 1.1.5).
This grouping can be done by taking into account the distance between them, their rela-
tive velocity... but this process is expensive and might lead to sub-optimal groupings due
to the assumptions made.

Clustering algorithms could be used to find optimal groupings at different moments
of the simulation.

Graph Neural Networks
A type of neural networks that has not yet been mentioned is Graph Neural Networks

(GNNs). It is specialized for tasks in which the inputs are graphs. In these networks,
the graph nodes exchange information with their neighbors. It is specially well-suited
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for chemical networks where atoms form the edges of the network. Analogously, these
networks could be used for the simulation of a system of N-bodies, where each node
represents one of the particles in the system.

1.3 Thesis summary

This thesis compiles the experiments performed on the use of Machine Learning tech-
niques for the simulation of N-body systems. For this work, we have simulated different
astrophysical systems and performed the training of machine learning methods on two
different categories: physics-aware Neural Networks and Reinforcement Learning.

In Chapter 2, we take the example of a planetary system with a large number of small
bodies and apply neural networks to replace parts of the integration with the goal of speed-
ing up the simulations. We use a specific integrator - Wisdom Holmann integrator- that
separates the contributions to the acceleration of a body in two terms: the ones by the
central body and the perturbing ones by the other bodies in the system. We adapt two
types of neural networks to this case: a deep neural network and a Hamiltonian neural
network. We identify the challenges of using neural networks in a complex case in as-
trophysics. While the standard neural networks are easy to set up, they do not lead to
results that adhere to the laws of physics. They also do not extrapolate well to unseen
data. We observed that small prediction errors accumulated and grew, leading to a drift in
the energy error. In contrast, Hamiltonian Neural Networks managed to find solutions that
adhere better to the physics and are capable of extrapolating for longer periods of time.
However, there were also major challenges. For example, we observe that the large orders
of magnitude difference in the masses of the bodies makes the application of Hamiltonian
networks extremely challenging. As the calculation of the accelerations is done using
automatic differentiation, the large differences in mass created equally large differences
in the gradients. As the physics are embedded in the architecture, normalization of the
inputs is not possible without breaking the physical relations. These facts contributed to
making the training problematic. Additionally, with both networks, we encounter other
challenges due to the chaotic nature of the problem. In a chaotic system, prediction er-
rors by the neural networks accumulate and grow exponentially, leading to unphysical
solutions. To address this problem, we create a hybrid method that evaluates the network
prediction at each step. If the prediction does not satisfy a requirement of accuracy, the
calculation is repeated using the analytical equations. Thanks to this method, the integra-
tor can make use of neural networks to speed up the simulation while ensuring robustness
in its accuracy.

With the results in Chapter 2, it became clear that the simulation of the N-body prob-
lem required more sophisticated machine learning methods to ensure the adherence to
the conservation laws. Therefore, in Chapter 3, together with Philipp Horn, we compare
different implementations of neural networks with structure-preserving architectures and
develop a new type of neural network that represents a generalization of many of those
types. SRNNs, SympNets, and HénonNets are three common cases of neural networks
that implement hard physical constraints into their network structure. Those networks can
be thought of as specific cases of a new type of structure-preserving neural networks: Gen-
eralized Hamiltonian Neural Networks (GHNNs). The performance achieved with those
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neural networks in solving Hamiltonian systems is compared for different experiments,
of which the 3-body problem is shown in Chapter 3. The comparison between these
networks is not straight-forward as those rely on different implementations. Therefore,
their hyperparameters are chosen for their prediction time to be comparable. The results
of the experiments show that the performance of the networks depends on the experi-
ment. For simple cases such as the single and double pendulum, networks that included
a larger number of simple updates dominated over those with fewer updates. In contrast,
in the 3-body problem, networks with more complex updates (such as Deep HénonNets)
achieved a better performance. In any case, MultiLayer Perceptrons, a simple type of
physics-unaware neural network, showed the worst extrapolation capabilities compared
to the physics-aware ones. It is concluded that the added symplecticity in the structure-
preserving neural networks resulted in better performances, both inside and outside the
training data.

After studying the advantages and disadvantages of replacing parts of the integration
with neural networks, we moved our focus to the use of Machine Learning techniques to
choose simulation parameters. When setting up a simulation, lack of expertise makes it
common to use the default parameters of the integrator. This can lead to the solutions
not being accurate enough or being too computationally expensive. Thus, in Chapter 4
we explore the idea of using Reinforcement Learning techniques that will eliminate the
need for expert knowledge by choosing an important simulation parameter for us: the
time-step parameter. We apply this method to the chaotic 3-body problem. In this case,
there are moments in which the three bodies are close to each other, and the interactions
will heavily determine the outcome of the simulation. In these moments, we want the
integrator to choose smaller time-step sizes to capture those interactions in detail. In
other moments in which the bodies are far from each other, we want the time-step size
to increase to save computation time. The time-step parameter directly scales the time-
step size chosen at each moment. By allowing this parameter to change dynamically to
adapt to the needs of the simulation, we obtain an optimal choice that balances accuracy
and computational effort at each time step. We explore the extrapolation of this trained
algorithm to other integrators and determine that it can be used without retraining for
similar algorithms. Additionally, the method setup can be easily extrapolated without
major development changes.

In order to prove the generalization capabilities of the method created in Chapter 4,
in Chapter 5 we apply a similar algorithm to a more complex astrophysics problem: the
evolution of a star cluster in which some stars have planetary systems orbiting around
them. In this case, we need to use different integrators for the star cluster and the plane-
tary system to adapt to the orders of magnitude difference in their scales. Then, those two
different subsystems are linked using the Bridge method from AMUSE. The interaction
time between both integrators is a fixed parameter that has to be chosen manually before
the simulation. We denominate it the bridge time-step size. Instead of choosing a value
and keeping it fixed throughout the simulation, we apply our RL algorithm to allow it to
change dynamically to find the optimal choice that balances accuracy and computation
time. We find that our algorithm outperforms all of the current options and can adapt to
different initializations. Due to the chaotic nature of our method, finding robust baselines
proves to be problematic. Therefore, we base our comparisons on the energy error in-
curred by the simulations. Knowing that our system is highly chaotic, we want to create
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a method that is robust against suboptimal choices of the RL algorithm. Therefore, we
create a hybrid method, similar to the one in Chapter 2, that evaluates the prediction and
reduces the time-step size if considered inadequate. We find that this method leads to
improvements of even orders of magnitude in the energy error without a major increase
in computational effort.

1.3.1 Future work

We have identified in Subsection 1.2.3 additional ideas of implementations of ML meth-
ods to the gravitational N-body problem that we considered potentially interesting. Addi-
tionally, despite the promising results achieved with the new methods shown in this thesis,
throughout our work, we have found some common challenges that should be addressed
in the future. Some of those were common to many of the methods tested.

First of all, we found that it is a common practice to use the state of the system as
an input to neural networks. In the case of physics-aware neural networks, this is even a
strict requirement. However, this leads to a critical generalization problem: the number of
inputs changes with the number of particles present in the system. A network trained for
a system of 3 particles cannot be directly applied to one with 4 or more particles present.
Finding a solution to this problem is not straightforward, specially as the evolution of
physics-aware neural networks relies on hard constraints imposed on their architecture.
This problem becomes specially serious for systems with a large number of particles,
such as star clusters. In this case, it is impractical to train a neural network for each
possible number of bodies. We propose a potential solution in Subsection 1.2.3 that could
be further studied. In Chapter 5, we find a different input representation that works for
that specific problem and is independent of the number of bodies in the system.

Continuing with the choice of inputs, Cartesian coordinates are the preferred choice in
most studies involving the evolution of celestial bodies with neural networks. This option
might not always be optimal. In certain cases, Keplerian coordinates are the preferred
choice for the interpretability of a problem. However, those result problematic if used
as inputs to the neural networks due to their mix between linear variables of different
orders of magnitude and periodic ones. Currently, those are the main two choices to
represent the problem and provide the ML algorithm with the required information of the
system. Finding different system representations that are specially well suited for their
combination with neural networks should be a priority for those studying this problem.

Moving to a different challenge that has been present in most of this work, we find that
chaos is a major obstacle to obtaining accurate solutions. Prediction errors in the case of
neural networks and suboptimal choices of actions in the case of Reinforcement Learning
are specially problematic in chaotic systems as those errors accumulate and grow expo-
nentially in time. The current performance of these algorithms does not generally allow
for long-term simulations (with the exception of the method shown in Chapter 5). We
create a hybrid algorithm to increase the robustness of the methods in Chapters 2 and 5,
but in order to achieve truly long-term integrations within a reasonable energy error, the
performance capabilities of the ML methods need to drastically improve. With the cur-
rent popularity of these topics and the potential shown in this, and many other studies, it
is reasonable to believe that sooner rather than later these methods will reach the required
precisions to be used in chaotic problems.
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Regarding problem-specific challenges, structure-preserving neural networks are still
not specifically designed for astrophysics problems in which the masses of the bodies
range orders of magnitude. Normalization is a common technique that can minimize this
problem, but it is in many cases incompatible with the physics-based structure of those
types of networks. By adding hard constraints into the networks, it becomes harder to
adapt to certain complex problems. These should be taken into account when designing
new types of neural networks for physical problems.

Finally, there is work to be done to continue the projects on this thesis. The methods
explored are applied to simple cases found in astrophysics. Extending their capabilities
and implementations to a broader range of applications is the most interesting future di-
rection. Including the ML methods as a part of the frameworks used for astrophysics
simulations can help to better understand the benefits and limitations of using Machine
Learning in computational Astrophysics on a regular basis.

1.3.2 Computational tools

Most of the code has been created for the purpose of this thesis and can be found for each
individual chapter. The astrophysics simulations have been developed using Python. I
have made extensive use of libraries like AMUSE (Portegies Zwart et al. (2013)) and ABIE
(Roa et al. (2020)) for the initialization of the planetary systems, triples, and star clusters,
and for their integration in time.

For the Machine Learning algorithms, I have made use of TensorFlow (Abadi
et al. (2015)), PyTorch (Paszke et al. (2019)), and additional machine learning pack-
ages such as Scikit Learn (Pedregosa et al. (2011)), Gym (Brockman et al. (2016a)),
and pyDOE.

All simulations and experiments for Chapters 2, 4, and 5 have been run on an AMD
Ryzen 9 5900hs computer, and the computation times incurred can be found for each
chapter.
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ABSTRACT

Simulating the evolution of the gravitational /N-body problem becomes extremely com-
putationally expensive as [V increases since the problem complexity scales quadratically
with the number of bodies. In order to alleviate this problem, we study the use of Arti-
ficial Neural Networks (ANNG5) to replace expensive parts of the integration of planetary
systems. Neural networks that include physical knowledge have rapidly grown in popu-
larity in the last few years, although few attempts have been made to use them to speed
up the simulation of the motion of celestial bodies. For this purpose, we study the advan-
tages and limitations of using Hamiltonian Neural Networks to replace computationally
expensive parts of the numerical simulation of planetary systems, focusing on realistic
configurations found in astrophysics. We compare the results of the numerical integration
of a planetary system with asteroids with those obtained by a Hamiltonian Neural Net-
work and a conventional Deep Neural Network, with special attention to understanding
the challenges of this specific problem. Due to the non-linear nature of the gravitational
equations of motion, errors in the integration propagate, which may lead to divergence
from the reference solution. To increase the robustness of a method that uses neural net-
works, we propose a hybrid integrator that evaluates the prediction of the network and
replaces it with the numerical solution if considered inaccurate. Hamiltonian Neural Net-
works can make predictions that resemble the behavior of symplectic integrators but are
challenging to train and in our case fail when the inputs differ ~7 orders of magnitude.
In contrast, Deep Neural Networks are easy to train but fail to conserve energy, leading to
fast divergence from the reference solution. The hybrid integrator designed to include the
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neural networks increases the reliability of the method and prevents large energy errors
without increasing the computing cost significantly. For the problem at hand, the use of
neural networks results in faster simulations when the number of asteroids is 270.

2.1 Introduction

Planetary systems are a special case of the gravitational /N-body problem in which a
massive central star is orbited by multiple minor bodies, which include planets and aster-
oids among others. To model the evolution of planetary systems, it is necessary to know
the gravitational interaction between the different bodies, which can be calculated using
the equations derived by Newton Newton (1999). Unlike the calculation of the gravita-
tional force, the equations of motion can only be solved analytically for two bodies using
the relations derived by Kepler in 1609 Kepler (2015). This means that when the sys-
tem consists of three or more bodies, the equations need to be solved numerically with
what we call the integrator. Hermite Makino (1991) and Verlet Verlet (1967) integra-
tors are frequently used for solving the general N-body problem, whereas others such as
the Wisdom-Holman integrator Wisdom & Holman (1991) have been developed for the
specific case of planetary systems.

Currently, the study of the evolution of N-body systems is limited by the large com-
putational resources required to obtain an accurate! solution Greengard (1990); Almojel
(2000). Newton’s equation of gravitation implies that the computational complexity of
the problem scales with N2. As a consequence, for multiple applications in astrophysics
such as the evolution of globular clusters or asteroids around a star Richardson et al.
(2009), the large number of bodies in the system is one of the main reasons for the high
computational cost.

Machine Learning (ML) is a tool with the potential to ameliorate this problem Cheval-
lier et al. (1998). Although the applications of ML, or more precisely Artificial Neural
Networks (ANNs), are scarce for the gravitational /N-body problem Tamayo et al. (2016);
Lalande & Trani (2022), ANNs have recently demonstrated their potential in other fields
Doupe et al. (2019); Basuchoudhary et al. (2017); Mansfield et al. (2020). We study the
efficiency of neural networks to replace computationally expensive parts of the integration
of N-body systems for astrophysics applications.

Some studies have been carried out to apply ANNS to the two- and three-body gravi-
tational problems to predict the future state of the system. For example, Breen et al. Breen
et al. (2020a) in 2020 designed a Deep Neural Network (DNN) to replace the integration
of the chaotic three-body problem. Their setup consists of three coplanar bodies of equal
mass, with a zero initial velocity, which state is propagated in time using the arbitrary
precise Brutus integrator developed by Boekholt and Portegies Zwart, 2015 Boekholt &
Portegies Zwart (2015). The ANN receives as inputs the state of the particles at initial
time to and the simulation time ¢. In this simplified approach, the network is able to cap-
ture the complex motions of the three bodies, at a fraction of the computational expense.

Since the introduction of Physics-Informed Neural Networks (PINNs) in 2019 Raissi
et al. (2019b), the popularity of neural networks with physics knowledge included has
grown rapidly Lu et al. (2021); Jin et al. (2020b). The claim is that the introduction of

! Accurate refers to solutions with low energy error.



CHAPTER 2 25

physical properties into the neural network allows for better predictions, better extrapo-
lation capabilities, and less training data. So far, PINNs have not been applied to astro-
physics problems. Following the idea of introducing physical knowledge into the neu-
ral network, Greydanus et al. Greydanus et al. (2019a) developed in 2019 Hamiltonian
Neural Networks (HNNSs) to address Hamiltonian mechanics within the network’s archi-
tecture. To study the performance of their network, they use the gravitational two- and
three-body problems as test cases. For the two-body problem, Greydanus et al. found that
the HNN can predict the trajectories of the particles better than a baseline DNN. However,
for the three-body problem, both networks fail to predict the trajectories. An alternative
for HNNs was developed by Chen and Tao in 2021 Chen & Tao (2021), denominated as
Generating Function Neural Networks (GFNNs). They tested this approach on the two-
body problem with similar inputs as in Greydanus et al. Greydanus et al. (2019a). The
comparison with other types of neural networks such as HNNs and SympNets Jin et al.
(2020b) shows that GFNNs outperform the other methods for this particular test case. Al-
though the results of Greydanus et al. Greydanus et al. (2019a), and Chen and Tao Chen
& Tao (2021) are promising, both references take the two- and three-body problems as
test cases to demonstrate the performance of their neural networks. It is not yet certain
that the introduction of physics into the neural network represents an advantage for more
complicated problem configurations. For that reason, we study the advantages and dis-
advantages of HNNs when applied to more realistic astrophysics problems, in particular,
the orbital evolution of celestial bodies.

We study the use of neural networks for the integration of planetary systems formed
by two planets and up to 2,000 asteroids. Due to the popularity of physics-aware neural
networks, we compare the results of direct numerical integration with the predictions
of a network that includes physical knowledge (HNN) and a conventional Deep Neural
Network (DNN). In Subsection 2.2.3, we discuss the setup of a hybrid integrator that
uses the neural network but switches to direct numerical integration when the former
fails to produce sufficiently reliable answers. This method is faster than the classical
integration and more accurate than the neural network. In Section 2.3, we discuss the
hyperparameter selection and the training results of the neural networks. In Subsection
2.4.2, we find the improvement in performance by the neural networks in the form of
computation time as a function of the number of asteroids in the system, and in Subsection
2.4.3 we show the results of integrating a planetary system. The code is publicly available
athttps://github.com/veronicasaz/PlanetarySystem_HNN.

2.2 Methodology

2.2.1 Numerical integration

We consider a system of NV point masses interacting only via their Newtonian gravitational
force. The gravitational force exerted on a body ¢, can be written as a function of mass
(m), position vector (¢), and the universal gravitational constant (G) as

N-1

d?q; mim; oL
mi—o = Y G——tdy @ =4~ @ @.1)
dt ; oy HCIUH
Jj=0, j#i
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where the indices 7 and j denote the celestial bodies.

Knowing the acceleration vector, the state of the system can be evolved in time using
an integrator. Wisdom and Holman in 1991 Wisdom & Holman (1991) proposed a sym-
plectic integrator for systems in which one body is much more massive than the others. In
our case, we assume that the smaller bodies orbit this massive one and the barycenter of
the system is located approximately at the center of the massive body. The other bodies
orbit the barycenter in almost Keplerian trajectories.

The Hamiltonian of the system is given by

P SRS m
H= =G ) mi =, 2.2)
pr UL ; 1j;_1 | — G|

where p’represents the linear momentum vector.

For planetary systems, Equation (2.2) can be split into two parts. Due to the assump-
tion of the Sun being at the barycenter, i = 0 is excluded from the following equations.
The first one, the Keplerian part,

||2 N-1

7 m;
Hicerter = z PIE e Y 23)
i Jj

contains the terms related to the kinetic energy of the bodies and the potential energy
due to the central body (body 0). The second part called interactive part,

N-2
mter =-G E m; E

J=i+1

(2.4)
H%—%H

contains the terms with the potential energy due to the mutual interaction between the
orbiting bodies.

The Wisdom-Holman (WH) integrator first propagates the trajectory of the orbiting
bodies without taking their mutual interaction into account by performing a Keplerian
propagation around the central body. After that, the perturbing acceleration is calculated
and converted to a correction of the velocity.

Although Equations (2.3) and (2.4) are expressed in heliocentric coordinates for clar-
ity, WH’s integrator uses Jacobian coordinates for parts of its integration, as explained in
Wisdom and Holman Wisdom & Holman (1991).

The computing time of the Keplerian propagation scales linearly with the number of
bodies (V) as seen in Equation (2.3). In contrast, the interactive part (Equation (2.4))
scales quadratically with the number of bodies. Therefore, it is interesting to find meth-
ods to speed up the latter. We use ANNSs to replace the interactive part to speed up the
calculation of the mutual perturbations.

2.2.2 Neural Network surrogates

In examples such as Breen et al. Breen et al. (2020a) and Greydanus et al. Greydanus
et al. (2019a), a neural network is used to replace the integrator. However, this approach
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falls short for many astrophysics applications. For example, for the case of a planetary
system, the force exerted by the central body is orders of magnitude larger than the mutual
forces exerted by the orbiting bodies. If a neural network is used to predict the future
state of the system, it will fail to capture the smaller contributions of the planets. We
propose a method in which the neural network is integrated into the numerical integration
without losing information about the perturbations. We do so by calculating the Keplerian
Hamiltonian Hkepler analytically and the interactive Hamiltonian using a neural network
Himep

For systems in which energy is conserved, Hamiltonian Neural Networks (HNNs)
constitute an attractive choice since the Hamiltonian of the system can be input as a phys-
ical constraint into its architecture. We therefore use HNNs to predict the interactive
part of Equation (2.2) similarly to the Neural Interacting Hamiltonian (NIH) designed by
Cai et al. Cai et al. (2021a). We study the advantages and disadvantages of HNNs by
comparing them to the numerical integration, which we consider the baseline, and to a
conventional Deep Neural Network (DNN).

An HNN Greydanus et al. (2019a) receives as inputs the position and linear momen-
tum of all the bodies in the system and outputs the Hamiltonian of the system. In Figure
2.1 we show a comparison of an uninformed neural network (DNN) and a HNN.

ST

YN

*’o qu/ dt

Figure 2.1: Schematic of a a) Deep Neural Network and a b) Hamiltonian Neural Network that
predict the derivatives of the inputs with respect to time and the Hamiltonian of the system, respec-
tively. The inputs for both are the position and linear momentum of all objects in the system.

With the output of the HNN and automatic differentiation, the derivatives of the inputs
are calculated using Hamilton’s equations:

o _dp o _ i 05
oq  di op  dt

The derivatives are then used to compute the loss function during the training of the

network.

Unlike in Greydanus et al. Greydanus et al. (2019a), we use the neural networks
for the calculation of the interactive Hamiltonian as expressed in Equation (2.4). This
Hamiltonian is only a function of the masses and positions of the different bodies, and the
universal gravitational constant. This means that the neural networks from Figure 2.1 can
be simplified by eliminating the linear momentum from the inputs. Since the acceleration
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requires knowing the masses of the system, the inputs then become:

X = [m17§1;m27(727"'7mN7§N]' (26)

Similarly, the outputs of the DNN are now reduced to the derivatives of the linear momen-
tum with respect to time. By doing this, we achieve a substantial reduction in the number
of parameters of the network. We will explain whether the symplectic structure of the
integrator is conserved when using neural networks for the calculation of the interactive
Hamiltonian in Subsection 2.2.4.

Taking into account this modification of the set of inputs and outputs, the loss func-
tion £ for the HNN is the difference between the acceleration calculated using Newton’s
equation and the one obtained from differentiating the output of the HNN using Equation
2.5):

M |2

1 OH pre d

Lunn(0) = Vi E (‘ agd - df) ~ (2.7)
i=1

In Equation (2.7), 6 represents the trainable parameters of the network, H,,.q is the output
of the HNN, and the gradients of H are obtained using automatic differentiation. M is
the number of samples for which the loss is being evaluated.

For the DNN, the inputs are the same as for the HNN and the derivatives of the inputs
with respect to time are the outputs of the neural network. Therefore, the loss function is

written as:
M 2
1 dp dp
Lown(6) = 57 (LA dt) - 2.8)

2.2.3 Hybrid numerical method

The use of neural networks to replace parts of the integration raises several challenges.
Firstly, neural networks cannot be expected to be as accurate as the numerical calculation:
the use of ANNs implies a loss in accuracy with the goal of improving computing speed.
Secondly, since integration is a repetitive process in which the output of one time step is
used as the input for the next one, errors propagate in time. In non-linear systems, this
may quickly lead to unphysical solutions. In previous research trying to solve the N-body
problem using neural networks, it is common to propagate over short time scales. This
implies that the accumulation of errors is not relevant, but does not constitute a realistic
case for astrophysics problems. To address this problem, we develop a hybrid method
in which the prediction of the neural network is evaluated and replaced by the numerical
solution if considered insufficiently accurate.

Evaluating the accuracy of the prediction is not straight-forward since we want to
avoid using Newton’s equation. Therefore, we use as a measurement of accuracy the fact
that accelerations should be fairly smooth in time. We evaluate the prediction of the net-
work by comparing it to the prediction of the previous time step. Since the perturbations
are expected to be rather smooth, we assume that a large difference between the accelera-
tion predicted by the network at time ¢y + At and the acceleration at ¢ is an indication of
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either a poor prediction or a region with quick changes in the acceleration. In both cases,
it is beneficial to calculate those steps numerically instead of relying on the neural net-
work. Although accelerations are expected to vary smoothly in time, by using a numerical
time integrator we need to account for the discretization error when setting the tolerance
R for this smoothness criterion. From now on, we use the term “flag” when the prediction
of the network is not accepted. We calculate the acceleration @ () at time t = ¢y + At by
numerical integration if

) —a )

> R. 2.9
@@+ &2

This criterion represents the relative difference between the previous acceleration and the
current one. The addition of ¢ = 1 x 10~!! prevents the denominator from becoming
zero. We adopt R = 0.3 to achieve an accurate reproduction of the trajectory whereas
higher values result in larger energy errors, as we show in 2.B. The value of R should be
chosen according to the specifications of the problem at hand. If computational speed is
more important than accuracy, higher values of IR could be chosen, whereas if the focus is
on accuracy, R should be smaller. A value of 0.3 represents a strict case in which ensuring
accuracy is considered more important than achieving a low computational cost.

In Figure 2.2 we show the schematic diagram of the hybrid WH integrator. At time
to, the state of each body is propagated a time step At, assuming that the particle is
on a Keplerian trajectory. Afterward, the neural network (fxn) calculates the perturbing
accelerations for the given inputs (X). This prediction is evaluated and if considered in-
sufficiently smooth according to the criterion defined in Equation (2.9), the accelerations
are recalculated analytically. The perturbing accelerations are then converted into correc-
tions in the velocity and the new state of the system is subsequently used as the starting
point for the next time step.

2.2.4 Symplecticity of the integrator

The original Wisdom-Holman integrator is a symplectic integrator Wisdom & Holman
(1991). Using a symplectic integrator is essential for long-term stability and energy con-
servation of Hamiltonian systems Hairer et al. (2006). Some attempts have been made to
conserve the symplectic structure of the integrator when using neural networks, such as
in Zhu et al. Zhu et al. (2020). When using neural networks as surrogates for the calcu-
lation of the interactive part in the new hybrid integrator, it is beneficial to have the same
symplectic structure as the original Wisdom-Holman integrator.

The first part in the hybrid Wisdom-Holman integrator is the Keplerian propagation,
which is the flow map of a Hamiltonian system and therefore a symplectic map. In the
second part, the linear momentum vector is updated with accelerations either calculated
by an ANN or using Newton’s equation for the interactive part. In this step, the positions
are always kept unchanged. If this update forms a symplectic map, the whole hybrid inte-
grator becomes symplectic since concatenations of symplectic maps are again symplectic.

The update of the linear momentum vector only depends on the positions and not on
the current momenta. So, the left-hand side of the symplectic condition
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Hybrid Wisdom-Holman integrator
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Figure 2.2: Schematic of the hybrid Wisdom-Holman integration. The state of the system defined
by ' and ¢ is propagated as a Keplerian trajectory. Then the Neural Network predicts the mutual
perturbation between bodies. If the prediction is insufficiently smooth, the accelerations are calcu-
lated numerically using Equation (2.1). Finally, these accelerations are added as a change in linear
momentum (Ap). This process is repeated in the next time steps.
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This implies that the Jacobian matrix of the calculated accelerations (g—) has to be sym-
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metric.
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If the accelerations are calculated using Newton’s equation or using an HNN, they are
the gradient of a scalar function, the Hamiltonian. This means that the Jacobian matrix
of the accelerations is the Hessian matrix of the Hamiltonian, which is symmetric for
continuous second derivatives. However, if a DNN is used in the hybrid integrator, no
such statement can be made and the Jacobian matrix of the predicted accelerations can be
non-symmetric.

Therefore, we can expect the energy-preserving characteristics of symplectic integra-
tors to be present when using HNNs within the WH integrator but not when including
DNNS . This result is investigated numerically in Subsection 2.4.3.

2.2.5 Problem setup

We study two cases: the first one, Jupiter and Saturn orbiting the Sun, and the second one
with a large number of asteroids added to the first case, as illustrated in Figure 2.3.

Ay \y
/_\ () saturn /—\ () satumn
R R
/ . Asteroids ;
74 Jupiter .,. ° co . 74 Jupiter
Sun / i Sun .. ° / i

(@) (b)

Figure 2.3: Schematic of the problem setup. (a) First study case with the Sun, Jupiter, and Saturn.
(b) Second study case with the Sun, Jupiter, Saturn, and asteroids located within Jupiter’s orbit.

For the first case in which only the Sun, Jupiter, and Saturn are studied (from now on
referred to as SJS), the Hamiltonian of the system is given by Equation (2.2) for N = 3
with the Sun as ¢ = 0, Jupiter ¢ = 1, and Saturn ¢ = 2. The interactive part of the
Hamiltonian corresponds to the interaction between Jupiter (J) and Saturn (S):

mjymgs

Himer = _Gﬁ-
g7 — gsl|

(2.14)

In this case, only one operation suffices to calculate the interactive part, and as a
consequence, the use of ANNs will lead to a deceleration of the calculation. However,
this setup constitutes an interesting study case. We set up the network for the inputs (X)
to be the masses and positions of the two bodies and the output to be the Hamiltonian, as
explained in Subsection 2.2.2. Therefore, for the SJS case, the inputs are:

XSJS = [m.fv(jtfvavq’S]' (215)

In the second case (to which we refer as SJSa), we add N, asteroids in orbit around
the massive central body. The Hamiltonian can again be calculated for the star, the two
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planets, and the asteroids with N = 3 + N,. For example, when N, = 2, the interactive
Hamiltonian can be expressed as follows:

mjms mimg mims mamj mams mims

G G G G G
qjs q1J q1s q2J q2s q12

Hinter = -G R (2.16)

with ¢ representing the magnitude of ¢. Because asteroids are orders of magnitude less
massive than the planets, it can be safely assumed that the mutual gravitational interaction
between asteroids is negligible, and we therefore neglect the last term in Equation (2.16).
We also assume that the effect of the asteroids on Jupiter and Saturn is negligible. In
contrast, the effect of the planets on the asteroids cannot be neglected. To set up a neural
network that predicts the perturbations on the asteroids due to the planets, we separate this

interactive Hamiltonian for each of the asteroids. For asteroids 1 and 2, their interactive
Hamiltonian is defined as:

mims

H, = —qMs g : 2.17)
qjs q1J q1s

Hy = —qIMS _ M2 o M2is, (2.18)
qjs q2J q2s

We now set up the network such that the position and mass of each of the two asteroids
correspond to one set of inputs. Therefore:

XSJSa = [vaq:]amSaq_jSamaaq_:l]v (219)

where the subindex a represents one of the IV, asteroids. This choice of inputs allows
the size of the neural network to be independent of the number of asteroids in the system,
which implies that the same neural network can be used for any number of asteroids
without retraining.

2.3 Neural network results

In this section, we explain the creation of the training dataset, the choice of hyperparam-
eters, and the training results for the Hamiltonian Neural Network and the Deep Neural
Network.

2.3.1 Dataset

We generate training and test datasets for each of the two cases: SJS and SJSa. The ranges
of values can be found in Table 2.1 of 2.A. From these, the initial conditions are chosen
using Latin hypercube sampling Loh (1996) and the simulations are run until the end time
is reached. At each time step, the state of the system is saved as a training sample. Then,
we verify if the dataset created covers the entire search space, i.e., if there are samples in
the full range of true anomaly [0° — 360°), which is displayed in Figure 2.4.

With the time step and the end time in 2.A, the number of training samples is 3,000,000.
We randomly choose a fraction of these for the training. On an AMD Ryzen 9 5900hs,
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Figure 2.4: Distribution of x and y positions of the Sun, Jupiter, Saturn, and the asteroids in the
training dataset.

it takes ~80 min to generate this dataset. All experiments utilize this same computer
architecture.

The accelerations of the planets and asteroids differ by orders of magnitude, which
means that normalization of the training data is essential to train the network. However,
since HNNs have physics embedded into their architecture, we cannot normalize the in-
puts or outputs independently without breaking the physical constraints. For example,
re-scaling the inputs between 0 and 1 implies that the relation between different inputs
does not remain constant. The distributions of inputs and outputs have been included in
Figure 2.14 and Figure 2.15, respectively.

2.3.2 Architecture and training parameters

In order to make a fair comparison between the DNN and the HNN, the settings chosen
will be common for both of them unless otherwise stated. Each of the two cases studied
(SJS and SJSa) requires different neural network hyperparameters. For the SJS case, we
adopt a Mean Squared Error (MSE) loss function as indicated in Equation (2.7) for the
HNN and Equation (2.8) for the DNN. For SJSa, the accelerations of the different bodies
range multiple orders of magnitude, and therefore we implement a weighted MSE for the
loss function, i.e, the error in the predicted acceleration of each body is weighted. The
weights are applied to the losses defined in Equation(2.7) and Equation (2.8) as:

Lan(0) = Wi Lo(0) + Wa Ls(0) + W3 L5(0), (2.20)

where L, Lg, and L ; represent the MSE loss for the accelerations of the asteroids, Sat-
urn, and Jupiter, respectively. We empirically find that weights of W; = 100, W» = 10,
and W3 = 1 produce the best results as these weight values relate to differences in orders
of magnitude of the accelerations of the bodies. These weights are only necessary due
to the impossibility of normalizing the inputs and outputs without breaking the physics
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constraints of the HNN. Although normalization is possible with the DNN, we have used
the weighted loss function instead to get a fair comparison with the HNN.

For SJS, no hyperparameter optimization is carried out, but the architecture is chosen
manually instead. Both the DNN and the HNN have three layers, 200 neurons in the first
hidden layer and each hidden layer has 0.7 times the number of neurons of the previous
one. The learning rate follows an exponential decay, with an initial learning rate of 0.01,
a decay of 0.9, and 2 x 105 steps. We use 150,000 samples with a proportion of 90/10 for
training and validation datasets, and 10,000 samples for the test dataset.

For SJSa, the training of the HNN is not straightforward. To find a suitable combina-
tion of parameters, we perform a hyperparameter optimization where the variables are the
number of training samples, number of layers, number of neurons per layer, and the learn-
ing rate parameters. We use a randomized grid search to explore different combinations
of those parameters and train ~30 networks for 200 epochs. The results are presented in
Figure 2.5, where each simulation is plotted with the training loss along the z-axis and
the validation loss along the y-axis. The figure indicates that regardless of the choice of
parameters, the training and validation loss cannot be improved simultaneously to achieve
the desired accuracy during testing. Among the best solutions, we choose the network ar-
chitecture with three layers, 300 neurons per layer, and we use 250,000 samples for the
training dataset. The test dataset is chosen to consist of 10,000 samples. The learning rate
is chosen to follow an exponential decay schedule with an initial learning rate of 1073,
800,000 steps, and a decay rate of 0.9. The same parameters are used for the DNN.

° Samples: 90000
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¢ m Neurons: 700

Ratio of neurons: 0.6
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Figure 2.5: Results of the hyperparameter optimization for the Hamiltonian Neural Network. The
training loss is plotted against the validation loss. Each point represents one trained network during
the hyperparameter optimization. The points with the best training and validation loss are rep-
resented by blue and red squares, respectively, and their associated parameters are shown in the
legend.

Some of the most commonly used activation functions fail to capture the characteris-
tics of the problem. For example, the activation function has to take into account the large
dynamic range of the values of the problem. Therefore, we select the SymmetricLog
activation function,

f(z) = tanh(z)log(ztanh(z) 4+ 1), (2.21)
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which was specifically designed for this problem by Cai et al. in 2021 Cai et al. (2021a),
together with a Glorot weight initialization Glorot & Bengio (2010).

This function behaves similarly to t anh close to zero, and like a logarithmic function
for larger values. Moreover, it is symmetric for positive and negative values, as seen in
Figure 2.6.

10° .

) ,’ =+ SymmetricLog: f{x) = tanh(x) log(x tanh(x)+1)

10 /// tanh: f(x) = tanh(x)
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Figure 2.6: Comparison of activation functions. The SymmetricLog activation function was created
for this problem by Cai et al. Cai et al. (2021a).

2.3.3 Training results

Both the DNN and the HNN are trained using the Adam optimizer Kingma & Ba (2014)
for 2,000 epochs. For SJS, this takes ~1.3 h and ~2.3 h for the DNN and the HNN,
respectively, on the same computer as we used for the creation of the dataset. For SJSa,
the training time is ~2.5 h and ~5 h for the DNN and the HNN, respectively.

Once the networks have been trained, we check their accuracy by applying them to
the test dataset. For SJS, both the DNN and the HNN converge to a low loss value.
Figure 2.7 shows the prediction error for the accelerations obtained with each network.
Both networks produce accurate results when the accelerations are large as their output
is very close to the 45° zero-error line. The relative error grows as the value of the
acceleration decreases, since the absolute prediction error is in the order of 10~°. The
errors of the DNN are larger than those of the HNN and overestimate the accelerations
in the y-direction of Jupiter and in the z-direction of Saturn, and underestimate the y-
acceleration of Saturn. This asymmetry leads to a drift in the energy error, as we will
explain in Section 2.4. Due to the orbits being almost planar, the accelerations in the
z-direction are smaller than for the z- and y-direction, which in Figure 2.7 appears as a
larger dispersion of small values.

The hyperparameter optimization in Subsection 2.3.2 shows that we fail to train the
HNN for the SJSa case to a satisfactory loss value. Because of the large difference in
masses between the asteroids and the planets (~7 orders of magnitude), when calculat-
ing the loss function, some of the gradients of the output with respect to the inputs are
required to be extremely large, whereas others have to be small. This leads to the training
process focusing on improving the predictions of the accelerations of the asteroids or the
planets and, after a certain loss value is achieved, improving one of these implies making
the others worse. As a solution, since we successfully trained a network that predicts
the accelerations of Jupiter and Saturn, we now train a network that solely predicts the
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Figure 2.7: Real against predicted values of the acceleration components for the case with the Sun,
Jupiter, and Saturn. The real value is compared to the one predicted by the Deep Neural Network

and the Hamiltonian Neural Network.

accelerations of the asteroids. We therefore train another HNN where we only include the
accelerations of the asteroids in the loss function, ignoring the predictions for Jupiter and
Saturn. These results are presented in Figure 2.8.

The DNN is trained with all the bodies in the loss function and can accurately predict
the accelerations but, similarly to the predictions for SJS depicted in Figure 2.7, makes
errors on the same side of the 45° zero-error line. The HNN trained for the three bodies
makes poor predictions for all the outputs, and the HNN trained only for the asteroids
predicts the accelerations for the asteroids accurately but (as expected since they are not
included in the loss function) fails to predict the accelerations for Jupiter and Saturn (Fig-

ure 2.8).

2.3.4 Selection of networks

For SJSa, the HNN fails to predict the accelerations of Jupiter, Saturn, and the asteroids
simultaneously. However, if the network is trained with the loss only accounting for
the prediction of the accelerations of the asteroids, it can predict these accurately as we
discussed in Subsection 2.3.3. For SJSa, we will therefore calculate the accelerations
using a combination of two networks: the predictions for Jupiter and Saturn with the
network trained for SJS (Figure 2.7), and the prediction for the asteroids with the network
that is only trained to predict the accelerations of the asteroids (orange markers in Figure
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Figure 2.8: Real against predicted values of the acceleration components for the case with the
Sun, Jupiter, Saturn, and asteroids. The real value is compared to those predicted by the Deep
Neural Network, the Hamiltonian Neural Network for the three bodies, and the Hamiltonian Neural
Network with only the asteroids in the loss function.

2.8). This combination of two networks is done with both the HNN and the DNN.

2.3.5 Output of the HNN

It is interesting to understand if the output of the HNN is the same as the actual interactive
Hamiltonian of the system (Equation 2.4). To test this hypothesis, we set up an experiment
for SJS in which we compare the output of the HNN with the interactive energy of the
system.
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In Figure 2.9, we show that the predicted values of the interactive Hamiltonian with
the HNN, i.e., funn(X) (WH-HNN H in Figure 2.9) are not the same as the interactive
energy of the hybrid integrator HYH-HNN (WH-HNN Energy in Figure 2.9). The energy
of the numerical solution H* is also plotted as WH Energy for reference. The energy

inter
evolution of the hybrid integrator exactly coincides with the one of the numerical solution.
The output of the HNN does not correspond to the energy value. Therefore, the output of
the network does not have physical meaning. This can be explained by realizing that the
accelerations obtained with the HNN depend on the relation between the output and the
gradients. As a consequence, different combinations of these two variables may lead to

similar values of the accelerations.

5

|

o

—

X

(o]

I¥-<

=)

(]

g

o \
= 20 — WH Energy ‘\‘
% WH-HNN Energy \

| Y
2 —— WH-HNNH \
S 25
0 5 10 15 20 25
t (yr)

Figure 2.9: Comparison of the output of the Hamiltonian Neural Network with the interactive
Hamiltonian of the Wisdom-Holman integrator.

2.4 Results of the hybrid Wisdom-Holman integrator

In this section, we use the networks trained in Section 2.3 in a simulation to further study
their performance.

2.4.1 Integration parameters

We initialize the simulation with the state of the Sun, Jupiter, and Saturn from the Horizon
System of the Jet Propulsion Laboratory White (2022). We consider a variable number
of asteroids initialized with a semi-major axis chosen randomly between 2.2 and 3.2 au,
an eccentricity of 0.1, an inclination of 0°, and a random true anomaly. Then, we use
the Wisdom-Holman integrator with a time step (h) of 0.1 yr until a final integration time
which depends on the specific case (SJS or SJSa).
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2.4.2 Validation of the code

Before discussing the results, we validate the hybrid implementation of the Wisdom-
Holman integrator with the neural network. For this purpose, we compare two methods
for SJSa: without replacing the HNN result by that of the numerical integrator if the re-
quirement (Equation (2.9)) is not achieved (without flags), and the method with flags as
described in Subsection 2.2.3. In Figure 2.10 we show the accelerations of Saturn and
two asteroids: asteroid 1 within the limits of the training dataset and asteroid 2 outside to
study the extrapolation capabilities of the network. When the prediction of the network is
accurate, as it is for Saturn, no flags are needed. However, when the network is not able to
reproduce the numerical results, as in the case of asteroid 2, the hybrid integrator detects
the poor predictions and replaces these with the results of the numerical calculation. By
doing so, the hybrid HNN method becomes significantly more robust against prediction
errors. In 2.B, we discuss the number of flags as a function of the parameter R from
Equation (2.9).
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Figure 2.10: Comparison of the accelerations of Saturn, asteroid 1 with an orbit inside the range of
the training dataset, and asteroid 2 with an orbit outside the range of training data, using different
integration setups. First row: Wisdom-Holman integrator, second row: Wisdom-Holman integrator
with a Hamiltonian Neural Network, and third row: hybrid Wisdom-Holman integrator with a
Hamiltonian Neural Network and R = 0.3. In the third row, the dots represent the points in which
the numerical integrator was used because the prediction of the neural network was not considered
sufficiently accurate.

We show in Figure 2.10 that the hybrid integrator yields better solutions for the accel-
erations. However, verifying the predictions of the networks at each time step entails a
cost in terms of computing time.

The numerical integration scales with N? whereas the neural network result scales
with N. For a small number of asteroids, the additional computing time needed to include
the neural networks into the integrator makes the method with neural networks more
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expensive than the numerical computation. We therefore study what the minimum number
of asteroids is to make the use of neural networks computationally less expensive than
the numerical computation. In Figure 2.11, three cases are displayed: Wisdom-Holman
integrator, WH with HNN without flags, i.e. HNN, and hybrid WH with HNN, i.e, WH-
HNN. For a number of asteroids <70, the use of the HNNs is not preferred above WH as
it takes longer to run. However, as the number of asteroids increases, using either HNN's
or the hybrid method with HNNs within the integrator results in faster computations,
halving the computing time for 2,000 asteroids. Using the hybrid method with the HNN
only slightly increases the computing time with respect to the pure HNN case since the
prediction for each asteroid is evaluated and replaced individually if necessary. In Figure
2.11b, we see that the hybrid integrator reduces the energy error without significantly
increasing the computing time. Since the energy error is dominated by the planets, a small
improvement in the energy error implies a significant improvement in the predictions of
the accelerations of the asteroids.
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Figure 2.11: Computing time (a), and difference in computing time and energy error with respect
to the numerical solution (b) for the integration to 20 years as a function of the number of asteroids.
Three cases are shown: numerical integrator (WH), numerical integrator with Hamiltonian Neural
Network (HNN), and hybrid numerical integrator with Hamiltonian Neural Network (WH-HNN).
The N and N? lines are displayed as a reference for linear and quadratic scaling, respectively.

The computing times shown in Figure 2.11 refer to the times for the calculation of
the accelerations, i.e., the training times for the neural networks are not included. Once
the networks are trained, they can be used in multiple experiments. For example, if the
objective is to run 100 experiments, a training time of 2 h is negligible compared to the
total computing time.

2.4.3 Trajectory integration

Once the neural networks have been trained, we integrate SJS for 5,000 years (Figure
2.12) and SJSa for 1,000 years (Figure 2.13). To study the extrapolation capabilities of
the network, we add two asteroids to SJSa, of which the initial conditions are within the
range of training parameters (asteroids 1 and 2) and one asteroid with a semi-major axis
outside the range (asteroid 3).
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In Figure 2.12, we compare the trajectory, change in eccentricity, and energy error of
the hybrid integrator with the HNN and the DNN with respect to the numerical integration.
The integrator with the HNN (WH-HNN) reproduces the change in eccentricity of the
integrator better than the one with the DNN (WH-DNN). The evolution of the eccentricity
is an important indicator of how well the orbit is reproduced using the neural networks.
Another indicator is the energy error (third row). Although the WH-HNN leads to a larger
energy error than the WH integrator, it shows symplectic behavior. In contrast, the use
of the WH-DNN leads to a systematic drift in the energy error. This causes a gradual
divergence from the numerical solution. We illustrate this with Figure 2.7, where the
DNN produces prediction errors that are asymmetrically distributed around the zero-error
line. We conclude that for the SJS case the hybrid integrators with the HNN and the DNN
can reproduce the numerical results for short time scales, although the use of the latter
results in a systematic deviation from the reference solution.
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Figure 2.12: Simulation results for the Sun, Jupiter, and Saturn (SJS). The results are generated
using the Wisdom-Holman integrator (left), hybrid Wisdom-Holman with the Hamiltonian Neural
Network (middle), and hybrid Wisdom-Holman with the Deep Neural Network (right). The tra-
jectories in the x-y plane are shown in the first row, the eccentricities in the second row, and the
relative energy error in the third row.

For SJSa, the results in Figure 2.13 show that the trajectories of asteroids 1 and 2 can
be predicted with both the WH-HNN and the WH-DNN for short integration times. For
longer integration times, the DNN is not able to reproduce the trajectories of the asteroids
accurately; there is a systematic drift in the evolution of the eccentricity. Regarding the
extrapolation capabilities of the networks, neither the HNN nor the DNN can predict
the trajectory of asteroid 3. However, the hybrid integration allows the accelerations to
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be adjusted to the numerical values, leading to more accurate trajectories. Regarding
the energy error, the behavior observed is the same as in Figure 2.12 since the energy
magnitudes of Jupiter and Saturn dominate over the energy magnitudes of the asteroids.
We conclude that for short time scales both networks incur in a small error with respect
to the numerical integration results, but the HNN achieves a more accurate reproduction
of the trajectory of the asteroids over a longer time scale.
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Figure 2.13: Simulation results for the case with the Sun, Jupiter, Saturn, and asteroids. The
results are generated with the Wisdom-Holman integrator (left), hybrid Wisdom-Holman with the
Hamiltonian Neural Network (middle), and hybrid Wisdom-Holman with the Deep Neural Network
(right). The trajectory in the x-y plane is shown in the first row and the eccentricity in the second
row. Asteroids 1 and 2 are within the limits of the training dataset and asteroid 3 has a semi-major
axis below the lowest limit of the training dataset to study the extrapolation capabilities of the
networks.

2.5 Conclusion

In this paper, we studied the use of Artificial Neural Networks for the prediction of accel-
erations in a planetary system with a star orbited by two planets and a number of asteroids.
We compared the results produced by a Deep Neural Network and a Hamiltonian Neural
Network. The latter includes physical knowledge about the conservation of energy.

In contrast to previous studies that use neural networks for the gravitational N-body
problem, we focused on an actual astrophysics problem. By using a case-specific inte-
grator and modifying the number of bodies and their masses and positions to represent a
realistic scenario, we encountered challenges that are not found when using this problem
as a test case.

We created a method that circumvents some of the major challenges of using neural
networks for the N-body problem. First of all, by using a hybrid integrator that evaluates
the prediction and chooses between the numerical or the neural network solution, we
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addressed the problem of accumulation of errors over large timescales. Secondly, our
setup allows for a variable number of bodies in the system without the need to retrain the
network. With the simplest setups found in literature, an increase in the number of bodies
in the system implies that the network needs to be retrained. Finally, we use custom
activation functions and weights in the loss function to adapt to the characteristics of the
problem.

Although based on the optimistic results from the literature Raissi et al. (2019b); Lu
et al. (2021); Greydanus et al. (2019a) we expected the HNN to outperform the DNN, in
the case with the asteroids, the HNN could not be trained to predict simultaneously the ac-
celerations of the planets and the asteroids. Because of the presence of physics constraints
in HNNs, normalization is not possible. This becomes an obstacle for training due to the
differences in masses of the bodies. We therefore trained two individual networks for the
accelerations of the planets and the asteroids. Although using HNNs has its advantages
for the simplified case with Jupiter and Saturn, we demonstrated their limitations for other
configurations.

HNNSs turn out to be more time-consuming and harder to train, in contrast to the
DNN. We had to develop a dedicated activation function specifically for this problem and
the hyperparameter optimization performed was time-consuming as well.

With more than 70 asteroids, the integration with the neural networks becomes faster
than the direct numerical integration, and for 2,000 asteroids the use of neural networks
leads to a halving of the computing time. Since the goal is to create a method that can
be used multiple times, the performance comparison does not include the time used for
training.

We developed a hybrid integrator to alleviate the problems induced by the introduc-
tion of neural networks in the integration process. By verifying the prediction made by
the ANN at each time step and replacing this prediction by the numerical integrator if
necessary, the integrator becomes more reliable and robust to prediction errors without
significantly increasing the computing time. Therefore, for a sufficiently large number
of asteroids (~ 70), we find that the hybrid approach with the HNN proposed here out-
performs the direct integration without losing the underlying physics of the system, as
opposed to the hybrid integrator with the DNN. Although our study shows that it is ben-
eficial to use physics-aware architectures that conserve the symplectic structure of the
integrator, our hybrid method is independent of the network topology chosen. We fo-
cused on the simplest cases of neural networks to allow for a better understanding of the
underlying challenges of the problem, but further studies should focus on the use of more
complex network topologies.

In short, we showed that neural networks can be used to speed up the integration
process for problems with a large number of asteroids. However, for long integration
times, the prediction errors may accumulate causing the results to diverge with respect to
the solution obtained by direct numerical integration. Moreover, if no hybrid integration
method that verifies the prediction of the network is used, these prediction errors may lead
to unphysical solutions on a short time scale. The use of HNN:ss is justified for cases in
which normalization is not needed to train the network, which in this study means when
the masses of the different bodies are of the same order of magnitude. When the HNN's
can be trained, they show symplectic behavior, with the energy error oscillating around
the initial value. In contrast, DNNs are easy to train and lead to satisfactory solutions,
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Appendix

2.A Dataset parameters

The parameters for the simulation and initial conditions are shown in Table 2.1. The
orbital elements which have not been included in the table, i.e., the right ascension of the
ascending node and the argument of the periapsis, have been set to zero.

Table 2.1: Summary of dataset parameters. sma is the semi-major axis. J represents Jupiter, S

Saturn, and a the asteroids

Parameter SIS & SJSa Parameter SIS & SJSa
Experiments (train) 500 Eccentricity J (e y) [0,0.1]
Experiments (test) 25 Eccentricity S(eg) [0,0.1]
Time step 5.0 x1073 yr Eccentricity a (eq) [0,0.1]
Final time 30 yr Inclination J (4 ) [0, 6°]
Mass J (m y) 9.543e-4 Mgun Inclination S (ig) [0, 6°]
Mass S (mg) 2.857e-4 Mgy Inclination a (i4) [0, 6°]
Mass a (mg) [1x 10,1 x 1020] kg True anomaly J (f7) [0, 360°]
smaJ (ay) [4, 8] au True anomaly S (fs) [0, 360°]
sma S (ag) [8.5, 10] au True anomaly a (fq) [0, 360°]
sma a (agq) [2.2,3.2] au

The distribution of inputs and outputs of the training dataset for the case with the Sun,
Jupiter, Saturn, and the asteroids is shown in Figure 2.14 and Figure 2.15, respectively.
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Figure 2.14: Distribution of inputs for the training dataset. The inputs include the position vectors
and masses of the two planets and the asteroids
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2.B Hybrid method

In Equation (2.9), we showed the criterion for rejecting the prediction of the neural net-
work. Depending on the value of R chosen, the balance between energy error and com-
puting time changes. We show in Figure 2.16 the number of flags for three values of R for
the integration of asteroid 1 with the HNN. As R increases, the method becomes less strict
and the accelerations predicted are further from those calculated numerically. If R is 0.1,
all HNN values are rejected, and the whole simulation is done ignoring the predictions of
the HNN.

The computing time decreases as the number of flags needed is reduced, i.e, for larger
values of R.
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Figure 2.16: Comparison of the number of flags in the integration of Asteroid 1 with different
values of R (Equation (2.9)). First row: accelerations with flags for three different values of R.
Second row: Computing time as a function of R.






A GENERALIZED FRAMEWORK OF
NEURAL NETWORKS FOR
HAMILTONIAN SYSTEMS

Based on the work by Philipp Horn, Veronica Saz Ulibarrena, Barry Koren, Simon Porte-
gies Zwart, 2025, Journal of Computational Physics, Volume 521, Part 1, 113536. Adapted
for this thesis.

ABSTRACT

When solving Hamiltonian systems using numerical integrators, preserving the sym-
plectic structure may be crucial for many problems. At the same time, solving chaotic or
stiff problems requires integrators to approximate the trajectories with extreme precision.
Integrating Hamilton’s equations to a level of scientific reliability such that the answer
can be used for scientific interpretation, may lead to computationally expensive simula-
tions. In some cases, a neural network can be a viable alternative to numerical integrators,
offering high-fidelity solutions orders of magnitudes faster.

To understand the role of preservation of symplecticity in problems where neural net-
works are used, we analyze three well-known neural network architectures that include
the symplectic structure inside the neural network’s topology. Between these neural net-
work architectures, many similarities can be found. This allows us to formulate a new,
generalized framework for these architectures. In the generalized framework Symplectic
Recurrent Neural Networks, SympNets, and HénonNets are special cases. Additionally,
this new framework enables us to find novel neural network topologies by transitioning
between the established ones.

We compare new Generalized Hamiltonian Neural Networks (GHNNSs) against the
already established SympNets, HénonNets, and physics-unaware multilayer perceptrons.
This comparison is performed for the gravitational three-body problem. In order to per-
form a fair comparison, the hyperparameters of the different neural networks are chosen
such that the prediction speeds of all four architectures are the same during inference. A
special focus lies on the capability of the neural networks to generalize outside the train-
ing data. The GHNNSs outperform all other neural network architectures for the problem
considered.
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3.1 Introduction

Specialized neural network architectures for scientific machine learning are still scarce.
In most cases, neural network architectures from different areas of machine learning are
used for scientific applications without any adaptations. If prior knowledge is included, it
is usually done through additional terms to the loss function. This is the case of Physics-
Informed Neural Networks (PINNs) (Raissi et al. (2019b)) and all of its variants.

Imposing physics constraints through the loss function does have advantages. For
example, it does not require extensive expertise in neural network architectures and can
be done quickly. It proves to be very useful in cases with limited data to train the neural
network. However, including prior knowledge only through the loss function also has its
drawbacks. Adding an additional loss term introduces a new hyperparameter, a parameter
to determine the weighting between the error on the data and how far the neural network
is allowed to deviate from the physics constraint. Furthermore, this constraint is only a
soft one, which means that the neural network is not strictly constrained, it may deviate
from it. Also, the neural network’s loss only increases if the constraint is not obeyed at
certain predetermined inputs called collocation points, with which the network is trained.
The constraint is not enforced globally but point-wise only, and increasing the number of
points slows down the training.

Including prior knowledge into the topology of the neural network requires the de-
velopment of a new topology for every structure one wants to preserve. This is more
labor-intensive and may break the approximation properties of neural network architec-
tures for which we understand their behavior. However, if such a specialized topology
can be found, the physics constraints are hard ones and are actually enforced everywhere;
inside and outside the training data. Furthermore, it does not require the introduction of
new hyperparameters.

3.1.1 Hamiltonian Systems

We focus on structure-preserving neural networks for Hamiltonian systems. While the
neural networks analyzed in this work are applicable to all Hamiltonian systems, our nu-
merical experiment is focused on a case of Hamiltonian systems from mechanics: the
gravitational three-body problem. The state s of a Hamiltonian system is described by
its generalized momentum p’and generalized position ¢. The system’s dynamics are de-
scribed by Hamilton’s equations:

) , 0 I L
q d

with H : R? x R? — R being the Hamiltonian of the system and I, the d-dimensional
identity matrix.

The data the neural networks are trained on consists of multiple trajectories with dif-
ferent initial states. The trajectory data consists of multiple states §; along the individual
trajectories that are a fixed timestep h apart from each other. The feature and label pairs of
the training data are the states s; and s; 1, respectively. Hence, the neural networks learn
an approximation of the flow map of the system ¢y, : 5(¢t) — 5(¢t + h). This flow map
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can also be approximated numerically by integrators if the Hamiltonian H of the system
is known.

The motivation to use neural networks for Hamiltonian systems instead of numerical
integrators can be diverse. One reason could be that the Hamiltonian of the system is
unknown, only data of trajectories is observed. For other Hamiltonian systems, the use of
numerical integrators can be computationally expensive. This can be the case because cal-
culating the Hamiltonian is costly or because extremely small timestep sizes are required.
For example in Breen et al. (2020b) the equations of motion are stiff and chaotic and
therefore an accurate approximation requires small timesteps. In all these cases, the use
of neural networks can be a viable alternative. However, for the case where the Hamil-
tonian of the system is known and one is interested in a faster alternative to numerical
integrators, the generation of the training data and the training time have to be taken into
account for the total computational cost. Therefore, a neural network surrogate can only
provide a reasonable speedup if the number of trajectories that have to be calculated is
much larger than the training set. For application to the three-body problem shown in
Section 3.5, the Hamiltonian is known and the data is created by a numerical integrator.

It is well established that symplectic integrators can be superior to non-structure-
preserving numerical integrators when applied to certain Hamiltonian systems. Especially
long-term energy preservation and increased stability often are the two major benefits of
symplectic integrators (Hairer et al. (2006)). In symplectic integrators, the numerical flow
map Py, : §; — §;41 defined by the integrator has the same geometric structure as the real
flow map. This structure is given by:

don\"  Oen _ o () ¢ g (32)
o5 o5 ’ q ' '

This symplectic property is the structure that is preserved in most structure-preserving
neural networks for Hamiltonian systems. Some benefits of this structure have been stud-
ied thoroughly for numerical integrators. However, symplecticity in numerical integrators
is not always fully understood and the benefits cannot be carried over directly to neural
networks.

In this work, we give a short overview of already published neural networks for Hamil-
tonian systems in Section 3.2. In Section 3.3, we unite three different neural network
architectures in one generalized framework called Generalized Hamiltonian Neural Net-
works (GHNNs). We are able to do this by presenting a new point of view on SympNets
and HénonNets. This generalized framework not only includes Symplectic Recurrent
Neural Networks (SRNNs), SympNets, and HénonNets, but also new neural network
topologies that lie beyond the capabilities of these three architectures. At the same time,
the GHNNSs preserve the good theoretical properties of the SympNets, and HénonNets. In
Section 3.4, we highlight important aspects related to the implementation of GHNNs. By
comparing GHNNSs against SympNets, HénonNets, and non-structure-preserving neural
networks in Section 3.5, we show the superior performance of a GHNN topology that can-
not be categorized as SRNN, SympNet, or HénonNet. For completeness, in Section 3.5,
we also compare our GHNNs with PINN-type neural networks. All neural networks are
trained with topologies that offer similar prediction speeds to achieve a fair comparison.
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3.2 Previously introduced NNs for Hamiltonian Systems

Many specialized neural network architectures for data from Hamiltonian systems have
already been proposed (Greydanus et al. (2019b); Chen et al. (2020); Jin et al. (2020a);
Burby et al. (2021); Xiong et al. (2021)), each of them promising to surpass the pre-
viously introduced ones in numerical experiments. Moreover, each architecture tries to
remove restrictions imposed on the earlier architectures. SRNNs improve on HNNs by
removing the need for time derivatives in the training data and by enforcing symplecticity.
SympNets remove the restriction to separable Hamiltonian systems of SRNNs and prove
a universal approximation theorem. HénonNets claim to achieve a higher accuracy than
SympNets by learning Hénon maps instead of unit triangular updates.

Instead of only adding to this collection of neural networks, we would like to present
a generalizing framework that combines three of these types of neural networks, namely:
SRNNs, SympNets, and HénonNets, in a single architecture while allowing the creation of
new neural network topologies that lie beyond the capabilities of these other architectures.
To introduce this framework, we first have a look at the already published architectures.

3.2.1 Hamiltonian Neural Networks

The first approach to neural networks specifically designed for Hamiltonian systems was
presented in Greydanus et al. (2019b). These Hamiltonian Neural Networks (HNN) try
to learn the Hamiltonian of a system using a multilayer perceptron (MLP). To learn the
Hamiltonian, not only data on positions and momenta is needed but also data on its deriva-
tives. Then a mean-square loss can be formulated by iterating over all N datapoints:

| X
£HNN:N;

For inference, any stable and consistent numerical integrator can be chosen to calculate
S;+1 from §;. Also, the step size can be arbitrary since it is not part of the training. See
Figure 3.1, for a schematic of a Hamiltonian Neural Network.
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Figure 3.1: Schematic of a Hamiltonian Neural Network. The input and output layers are col-
ored blue. All trainable parameters are in the multilayer perceptron (orange). In the green layer
the gradients of the multilayer perceptron with respect to its inputs are calculated using automatic
differentiation.
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Hamiltonian Neural Networks require additional data and the symplectic structure is
only preserved if a symplectic integrator is used during inference. Furthermore, not only
an approximation error in the learned Hamiltonian is accumulated, but also an additional
numerical error. For these reasons, we are not going to analyze HNNs in more detail. In-
stead, we take a closer look at the Symplectic Recurrent Neural Networks that are heavily
inspired by HNNs but without the above-mentioned shortcomings.

3.2.2 Symplectic Recurrent Neural Networks

Symplectic Recurrent Neural Networks (SRNNs) were introduced in Chen et al. (2020).
An SRNN learns a separable Hamiltonian

H()(ﬁv@) = T91 (17) + U92 (@7 (34)

parameterized by two independent neural networks, one for the kinetic energy 7p, and
one for the potential energy Up,. The main reason behind the use of recurrent neural
networks is to compensate for noisy data by using multiple combined timesteps to calcu-
late the error. However, the important improvement over Hamiltonian Neural Networks
is not reflected in the name of this architecture and is also present if SRNNs are used
with simple multilayer perceptrons instead of recurrent neural networks. The important
improvement is that in SRNNs the integrator is always symplectic and is embedded in
the neural network’s topology itself. This means that the SRNN predicts the state of the
Hamiltonian system after a timestep of size h, instead of only the derivatives of the state
at the current time. Therefore, a loss function can be defined with the data as introduced
in Section 3.1.1 and no additional information on the derivatives is needed. The error is
then backpropagated through the integrator into the two neural networks composing the
learned Hamiltonian (see Figure 3.2).
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Figure 3.2: Schematic of a Symplectic Recurrent Neural Network with two independent multilayer
percetrons (orange) for the learned Hamiltonian. Also, the symplectic integrator is included in the
neural network itself. There are no trainable parameters in the green parts of the neural network.
Instead, only predefined mathematical operations are performed.
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A Hamiltonian Neural Network learns a function that approximates the real Hamil-
tonian of the system. The approximation error together with the numerical error of the
integrator, which is used for inference, add up. The SRNN directly learns the flow map
of the system. As noted in Chen et al. (2020), the learned Hamiltonian inside the SRNN



54 3.2. PREVIOUSLY INTRODUCED NNS FOR HAMILTONIAN SYSTEMS

adjusts to the symplectic integrator used during training and compensates for the numer-
ical error of the integrator. Therefore, a convergence to a low value of the loss function
does not imply that the learned Hamiltonian inside the neural network converges to the
Hamiltonian underlying the data. Because of this behavior, the learned Hamiltonian only
provides limited interpretability and it should not be used in combination with any inte-
grator or timestep other than the one used during training.

3.2.3 SympNets

As a third approach we consider SympNets. SympNets have been introduced indepen-
dently of the idea of learning a Hamiltonian and instead focus directly on learning sym-
plectic maps (Jin et al. (2020a)). This is done by concatenating so-called upper and lower
unit triangular updates ( f,p, and fiow, respectively):

wo(B) = (PHV@)_[L VO] (7). (5)
o () = (5o 9vin) = lovo 1) (7): GO

In the right-hand side of equations (3.5) and (3.6) we adopted the short-hand notation of
Jin et al. (2020a). This is a slight abuse of matrix vector multiplication, which is helpful
to obtain a compact notation of concatenated unit triangular updates. In every update, also
called module, a different parameterized gradient V'V is learned (Figure 3.3).
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Figure 3.3: Schematic of a SympNet with 2/ modules alternating between upper and lower mod-
ules. In orange it is highlighted where the trainable parameters are located.

Different possible parameterizations of V'V can be introduced, the most general up-
date being the gradient module (here as upper gradient module):

VV(q) = K" diag(@)o (K7 + b). (3.7

In a gradient module, the trainable parameters are: a weight matrix X € R"*?, a bias
b € R™ and a scale factor @ € R™. The width n of this module can be freely chosen.
Additionally, a nonlinearity is present in the form of an activation function o. SympNets
composed of only gradient modules are called G-SympNets.

For these SympNets, a universal approximation theorem can be proven (Jin et al.
2020a, Theorem 5). In this theorem, the width and depth of the G-SympNet are not
constrained. This means that, in contrast to a multilayer perceptron where one hidden
layer is enough to approximate a large class of functions, a SympNet might require a large
number of also wide modules to approximate a given symplectic map (Hornik (1991)).
The proof of the universal approximation capabilities of SympNets is based on the fact
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that four unit triangular updates can form a Hénon-like map (defined below) and that
any symplectic map can be approximated by a concatenation of these Hénon-like maps
(Turaev (2002)).

3.2.4 HénonNets

As an improvement to the SympNets, the HénonNets were published in Burby et al.
(2021). Instead of learning the unit triangular updates, they directly focus on learning
Hénon-like maps:

WV @ _ <—q*; f};@) _ {V‘;(.) —01] @ . (2) e

In order to create a Hénon layer, the same Hénon-like map is iterated four times. The
reasoning behind this choice is the universal approximation theorem for Hénon-like maps
(Turaev (2002)):

it (B) = v o v o vt onpviat (7). 69)
In one Hénon layer, the function V' and the vector 7 € R¢ are learned. As a parameteri-

zation for V' any multilayer perceptron can be used. See Figure 3.4, for a schematic of a
single Hénon layer.
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Figure 3.4: Schematic of a single Hénon layer.

Since the HénonNet architecture is based on the same theory as SympNets, they
are universal approximators of symplectic maps as well (Burby et al. (2021)). Because
HénonNets directly focus on learning Hénon-like maps and because of the greater flex-
ibility in the choice of the function V', HénonNets are able to achieve a lower loss than
SympNets with fewer training epochs. In Burby et al. (2021), different numerical experi-
ments are performed to corroborate this statement.

3.3 Generalized Framework

When analyzing the three approaches in more detail, one can see that the SRNNs, Symp-
Nets, and HénonNets are actually more similar than they seem to be. This similarity
allows us to introduce a generalized framework unifying all three neural network archi-
tectures. All possible SRNNs, SympNets, and HénonNets are included in this generalized
framework. But also, new symplectic neural network topologies can be derived from it.
A major step to show the similarities between Symplectic Recurrent Neural Networks
and SympNets was made in Horn et al. (2022). It shows that SympNets can be seen
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as a concatenation of specific SRNNs. Every two gradient modules learn a separable
Hamiltonian, which is parameterized by two multilayer perceptrons with one hidden layer,
one multilayer perceptron for the kinetic and one for the potential energy. With this
learned Hamiltonian, one step of a Symplectic Euler (SE) method is performed. The next
two layers learn a different Hamiltonian, perform another Symplectic Euler step and so
on. This new point of view on SympNets is illustrated in Figure 3.5.

Figure 3.5: A SympNet as a concatenation of Symplectic Recurrent Neural Networks.

A similar equivalence exists between HénonNets and SympNets and therefore also
between HénonNets and SRNNs. We can show that one Hénon layer is equivalent to a
concatenation of four specific unit triangular updates:

vl "l I8 "l 96 o

with:

Vi=foV, where f(5) = —3§, (3.11a)
Vo=Volf, (3.11b)
Va=foVog, where g(3) = —§— 17, (3.11¢)
Va=Voh, where h(s) = §— 1. (3.11d)

The derivation of this expression can be found in the original paper.

In a HénonNet, V' is parameterized by any multilayer perceptron. Hence, Vi, V5,
V3, and V, are given by the same neural network, only with slight modifications in their
weights and biases:

* Multiplying the weights and biases in the output layer of V' by —1 yields V;.
* Multiplying the weights in the first hidden layer of V' by —1 yields V5.

* First subtracting W 77 from the biases in the first hidden layer of V', then multiplying
the weights in the first hidden layer by —1 and finally multiplying the weights and
biases in the output layer by —1 yields V3.

 Subtracting W77 from the biases in the first hidden layer of V' yields V.
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Here, W, is the weight matrix of the first hidden layer in V.

Therefore, HénonNets consist of the same unit triangular updates as SympNets. The
main difference is that per Hénon layer one arbitrary multilayer perceptron is trained and
four unit triangular updates are performed with slight modifications of this multilayer
perceptron. Note that since modifications of the same multilayer perceptron are reused,
the four unit triangular updates are not independent and share weights and biases. Since
SympNets are, due to the unit triangular updates, equivalent to a concatenation of SRNNs
and because HénonNets are built out of the same unit triangular updates, HénonNets are
equivalent to a concatenation of SRNNs as well.

An overview of the three different neural network architectures is given in Table
3.1. All three approaches are phrased as possible multiple integration steps with learned
Hamiltonians. Although SRNNs were originally introduced this way, we just saw that
SympNets and HénonNets can be formulated in a similar fashion. Moreover, this high-
lights the fact that not only SRNNs learn a Hamiltonian, but SympNets and HénonNets
learn multiple hidden Hamiltonians as well. Whether those Hamiltonians approximate
the underlying Hamiltonian of the system is not clear. The purpose of presenting all ap-
proaches in this formulation is to showcase the similarities and to discuss the differences.

Table 3.1: Overview of three of the different neural networks for Hamiltonian systems that were
introduced in the literature so far.

SRNNs SympNets HénonNets
(2n gradient modules) (n Hénon layers)
Definition of the in- || SRNN(p, 7) = | SympNet(7,q) = HénonNet(7, ) =

put to output map-
ping

SI(Hxw, D, )

SE(Hw,,)  ©
o 'OSE(HNNU?:(D

SE(HxNg, 57 )  ©
o 'OSE(HNNN?;»CD

Details of  the

Hxw (P 9)

Hyw; (7, 4) =

HNqu‘,—l (ﬁa @)

learned Hamiltoni- TN\~ (ﬁ) + UNN(Cj) TNNi (ﬁ) + UNN.L (cj) VNNi (—]7) -+
ans Van; () and
Hxxy, (ﬁv CD =
Van, (=P — 1) +
Vi (77— 17)
Parameterization of || Tny and Unncanbe | Tnny;,  and  Uny, VAN, can be any
the learned Hamilto- || any multilayer per- | are multilayer per- multilayer percep-
nians ceptrons. ceptrons with one tron.
hidden layer.
The integrators that || SI can be any sym- | SE isthe Symplectic SE is the Symplectic

can be used

plectic  integrator
that is explicit for
separable Hamilto-
nians.

Euler integrator.

Euler integrator.

The point of view in which layers correspond to integration steps for learned ordi-
nary differential equations is not new. It is similar to the one introduced for ResNets in
E (2017). Moreover, it is used to analyze the stability of neural networks in Haber &
Ruthotto (2017) and to later introduce Neural Ordinary Differential Equations in Chen
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et al. (2018). Also, it is interesting to note that approximating symplectic maps by con-
catenating integration steps for Hamiltonian systems is close to the key idea in the proof
that any symplectic map can be approximated by a concatenation of Hénon-like maps (Tu-
raev (2002)). This is what both the universal approximation theorems of the SympNets
and HénonNets are based on.

Alternatively, one could write all neural network architectures as concatenations of
unit triangular updates. This is more in line with how SympNets and HénonNets are
introduced but it is also possible for SRNNs. Since symplectic integrators that are explicit
for separable Hamiltonian systems alternate between updating positions and momenta,
they also perform unit triangular updates (Yoshida (1990b)). The formulation as unit
triangular updates shows the similarities as well. However, it is less elegant for the SRNN's
because which updates are performed and how the learned maps V' are connected depends
on the symplectic integrator that is used. In both formulations it becomes clear how one
can create a generalized framework covering all these neural networks for Hamiltonian
systems and even enabling to introduce new ones.

3.3.1 Generalized Hamiltonian Neural Networks

To get an overview of how the different methods intersect, we present Figure 3.6, where it
is shown that there is already overlap between the different methods. Any SympNet with
only two gradient modules is also an SRNN and any SRNN using the symplectic Euler
method and only one hidden layer in both multilayer perceptrons is also a SympNet.
Furthermore, any HénonNet using only one hidden layer in all multilayer perceptrons for
the learned maps V' is also a SympNet (but with additional constraints).

GHNNs

Figure 3.6: Venn diagram showing the overlap between the different neural network architectures
for Hamiltonian systems.

We propose a novel type of neural networks for Hamiltonian systems. We denom-
inate this new neural network architecture Generalized Hamiltonian Neural Networks
(GHNNSs). All types of neural networks for Hamiltonian systems discussed so far can be
found as special cases of this framework. This is achieved by removing as many restric-
tions as possible from the individual layers, while still keeping the symplectic structure in
the topology of the neural network.

In the same formulation as used in Table 3.1, in which layers are considered to be
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integration steps with learned Hamiltonians, the new architecture can be written as:

GHNN(@ (7) = SIn(HNNnv Yy ) 0:--0 SIl (HNNN];’ i)? (312)
Haw, (7, @) = T, (P) + Unn, (),

with Txn, and Unn, being any multilayer perceptrons and SI; any symplectic integrator
that is explicit for separable Hamiltonian systems.

To recognize the SRNNSs as special cases of the GHNNs one has to restrict the GHNNs
to one symplectic integrator (n = 1). The SympNets can be found in the GHNNs by
using the symplectic Euler method for all symplectic integrators SI; and only using one
hidden layer in all multilayer perceptrons of all the learned Hamiltonians Hyy;,. Building
a HénonNet from this general framework requires more restrictions. First, again only
the symplectic Euler method can be used. Second, an even number of integrators has to
be used. Finally, while general multilayer perceptrons can be used for the Hamiltonians,
many weights and biases are shared between the kinetic and potential energies and also
between two different Hamiltonians. The details of this weight sharing are provided in
Table 3.1 and the list after Equations 3.11a to 3.11d.

Consequently, one way to create neural networks that are not included in one of the
three existing architectures would be to use an integrator different from the symplectic
Euler method. Or, instead of using a different integrator, another approach could be to
use more than the one hidden layer in the multilayer perceptrons that compose the learned
Hamiltonians in SympNets. One such GHNN with two hidden layers is shown in Figure
3.7.
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Figure 3.7: Schematic of a Generalized Hamiltonian Neural Network.

In SympNets, only one hidden layer is used since this suffices to prove the universal
approximation theorem. However, from machine learning literature we know that using
deep NN instead of wide ones can lead to better approximation capabilities with fewer
trainable parameters (Telgarsky (2015)).

3.4 Implementation

Contrary to how we introduced GHNNs, we do not implement them using the concept
of learned Hamiltonians and performing integration steps. While SRNNs were imple-
mented that way, it requires calculating gradients of the neural networks with respect
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to their input during training and also during inference. On the one hand, this can be
done with automatic differentiation, but on the other hand, it considerably slows down
the prediction speed of the neural network. For that reason, we instead precalculate the
gradients of multilayer perceptrons with one and two hidden layers. The same is done in
the original implementation of the gradient modules in SympNets. This does not imply a
restriction of the GHNNs. Mathematically, they perform the same calculations as if they
were implemented as concatenated integrators. It simply enables a better comparison with
SympNets. For a fair comparison we also use this implementation for HénonNets.

Calculating the gradient of a multilayer perceptron with one hidden layer is straight-
forward. The result can be found in Jin et al. (2020a) for example:

VMLP(Q) = VT S(W 7+ b) = W diag(@) o (WG + b). (3.13)

Here W € R™*9 refers to the weight matrix in the hidden layer, b € R™ to the bias
vector in the hidden layer, &/ € R™ to the weight matrix/vector in the output layer and
) to the activation function, with o its derivative. Both are applied element-wise. In
this calculation, ¢ can be exchanged with p'for the gradient needed for a lower triangular
update.

The gradient of a multilayer perceptron with two hidden layers is far more convoluted.
The derivation can be found in the original paper. The gradients of multilayer perceptrons
with three or more hidden layers can be calculated as well. However, because the expres-
sion then becomes even more complicated, we compute these gradients using automatic
differentiation. For our numerical experiments in the next section, only multilayer per-
ceptrons with up to two layers are used for a fair computation speed comparison with the
other neural network architectures.

All code to train the neural networks for this project is written in Python using
PyTorch (Paszke et al. (2019)). The code including methods to generate and process
the data for the numerical experiments can be found on GitHub (https://github.
com/AELITTEN/GHNN). Our data can also be found on Zenodo (https://zenodo.
org/records/11032352) and the 850 neural networks trained for this work are
available in a separate GitHub repository
(https://github.com/AELITTEN/NeuralNets_GHNN).

3.5 Numerical Experiments

In order to compare the new Generalized Hamiltonian Neural Networks with existing neu-
ral networks for Hamiltonian systems and with physics-unaware neural networks as well,
we perform multiple experiments. For a fair and objective comparison it is not obvious
how to choose the topology hyperparameters of the different neural networks (such as the
number of neurons and the number of layers). Instead of comparing neural networks with
a similar number of trainable parameters, we compare neural networks with similar pre-
diction speeds during inference and training. Due to the computationally expensive need
to calculate the gradients of the learned Hamiltonians inside SRNNs, comparing SRNN's
to the other neural networks is unfair. As a consequence, we do not include SRNNs in the
experiments.
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The hyperparameters of the neural networks that lead to similar prediction speeds, and
are therefore used for the numerical experiments in this section, can be found in Table 3.2.

Table 3.2: Topology hyperparameters of the different neural networks used for the numerical exper-
iments. The number of layers (except for MLP) is the number of layers of the MLPs that compose
the learned Hamiltonians.

NN type Learned Layers Neurons | Trainable parameters
Hamiltonains per Layer 3-body problem

MLP - 5 128 69260

SympNet 10 1 50 8000

HénonNet 10 1 50 2030

GHNN 2 25 8500

Deep HénonNet 6 2 25 2568

For all different types of neural networks, including GHNNS, it is not obvious how to
choose the hyperparameters. As a starting point for the SympNet hyperparameters, we
take a look at the SympNets from Jin et al. (2020a). To guarantee that we do not restrict
the capabilities of the SympNets, we use the largest SympNets of this paper, which are the
ones used for the 3-body problem considered in Jin et al. (2020a). Since GPUs are used
for the training of the neural networks and for inference and since large matrix-vector
products in each layer can be efficiently parallelized, the main hyperparameter determin-
ing the speed is the depth of the neural network and not the number of neurons in each
layer. Hence, the total number of independent layers in the SympNets and GHNNS is kept
the same. The SympNets have one hidden layer per multilayer perceptron, two multilayer
perceptrons per learned Hamiltonian and ten learned Hamiltonians. The GHNNSs have two
hidden layers per multilayer perceptron, two multilayer perceptrons per learned Hamil-
tonian and five learned Hamiltonians. A HénonNet performs four sequential operations
with one trained multilayer perceptron. It has one independent multilayer perceptron per
two learned Hamiltonians. Therefore, only one quarter of the total number of independent
layers of a SympNet can be used in a HénonNet to end up at the same prediction speed.
The deep HénonNets are HénonNets with two hidden layers per multilayer perceptron.
These were not tested in the original paper that introduced the HénonNets (Burby et al.
(2021)). Since a physics-unaware multilayer perceptron does not need a large depth to be
a universal approximator, only five layers are used.

While the general framework of our GHNNs allows the use of any symplectic inte-
grator that is explicit for separable Hamiltonians, only the Symplectic Euler method is
used for the numerical experiments. Usually a higher-order accurate integrator like the
Stormer-Verlet integrator leads to higher accuracy in the prediction of the next state. But,
since the Hamiltonians are only learned and do not necessarily correlate with the real
Hamiltonian of the system, a better performance of a GHNN with a higher-order accurate
integrator cannot be expected. Using the Stormer-Verlet integrator would definitely de-
crease the prediction speed and might also lead to problems during the training since the
unit triangular updates are no longer independent, which complicates the optimization.
Nevertheless, investigating the use of other integrators could be an interesting topic for
future research.
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How the total number of trainable parameters depends on depth, width and the di-
mension of the Hamiltonian system widely varies for the different neural network ar-
chitectures. This can be seen in the last column in Table 3.2. The number of trainable
parameters heavily depends on the dimension of the Hamiltonian system for SympNets
and HénonNets. On the other hand, for the MLP and GHNN the dimension of the Hamil-
tonian system only has a small effect. This can be explained by the fact that the number
of trainable parameters in both an MLP and a GHNN scales with n?:

Trainable parameters inan MLP = (I — 1)n” + (4d + I)n + 2d, (3.14a)

Trainable parameters in a SympNet = 2m/(d + 2)n, (3.14b)
Trainable parameters in a HénonNet = m/2((1 — 1)n”> + (d + 1 + 1)n + d)

"= m/2((d+2)n + d), (3.14c)

Trainable parameters ina GHNN = 2m((l — 1)n®> + (d + 1 + 1)n), (3.144)

where [ refers to the number of hidden layers, n to the number of neurons per layer, d
to the dimension of the Hamiltonian system (state 5 is in R??) and m is the number of
learned Hamiltonians, i.e., half the number of gradient modules or twice the number of
Hénon maps, respectively.

For the experiment, 50 neural networks per architecture are trained using the Adam
algorithm (Kingma & Ba (2015)). Loss plots for all neural networks and all numerical
experiments are provided in Appendix 3.A. All 50 of these neural networks sharing the
same architecture are identical except for the seeds in the random initialization of their
weights. These weights are drawn from a normal distribution with a mean of 0 and a
variance of 0.1. All biases are initialized as 0. The PyTorch seed is set to 1 for the first
neural network, to 2 for the second, and so on. Resulting in different but repeatable initial
weights for all neural networks with the same architecture. This allows a quantification of
the influence of the initialization of the neural networks and enables us to be certain about
whether one architecture is better than the other (given our chosen hyperparameters).

Error plots are provided to compare the different architectures. For these figures, the
mean absolute error over the trajectories

(@O FO) i€ St < tena}

in the test data S is calculated for all neural networks. For a fixed time ¢ the mean p(t)
over all 50 neural networks is calculated as:

1 50
ut) = 5> ms(t), (3.15)
j=1

with
(3.16)
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Additionally, as a measure of the variance due to different random initializations of the
weights and biases, an area with the upper and lower bounds given by the 90% and 10%

quantiles of 1;(t) at each point in time is plotted in the figures.
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3.5.1 3-Body Problem

We compare the neural networks on data of a gravitational 3-body problem. In this Hamil-
tonian system, three bodies of different masses orbit each other according to Newton’s law
of gravitation. The gravitational N-body problem is important for astrophysics. The dy-
namics of planets, stars and galaxies are described by this Hamiltonian system as long as
no relativistic effects are considered.

The system, in all three spatial dimensions, is of the total dimension d = 3N, with ¢ =
(af -+ (j’f\,)T € R and the canonical coordinates of each body §; being the coordinates
in Euclidean space. The Hamiltonian of the gravitational N-body problem can be written
as

(p,q“)—f ZZG 4L (3.17)

o NG —alle’

where G is the gravitational constant and M the mass matrix, which consists of the masses
m; of the N bodies and is given in three-dimensional space by

M = diag(my, my1,m1,ma, -+ ,mpy, MmN, MN). (3.18)

For our numerical experiments, we simplify the problem. First of all, we restrict
ourselves to the 3-body problem in two spatial dimensions; the overall system is six-
dimensional. Moreover, we choose all masses to be dimensionless and all equal to one;
m; = 1. Further, we scale the system to G = 1 (Heggie & Mathieu (1986)). This results

H(p,q) = p P ZZ

with: ¢, € R%. (3.19)
== 1d *qzllz

The data of the 3-body system is generated using the arbitrarily high-precision code
Brutus (Boekholt & Portegies Zwart (2015a)). This enables us to make sure that the
data the neural networks are trained on is actually the ground truth. Since the 3-body
problem is a chaotic problem, the initial conditions are chosen such that the trajecto-
ries start with rather simple and easy to predict dynamics that become increasingly more
chaotic over time. The initial conditions are the same as in the 3-body data of the papers
introducing HNNs and SympNets (Greydanus et al. (2019b); Jin et al. (2020a)).

The random initial positions of the bodies are on a circle around the origin with the
radius  drawn uniformly from [0.9, 1.2]. Furthermore, all three bodies have the same ini-
tial distance from each other. With these initial positions, one can calculate the momenta
of the three bodies such that they would stay on the circle with radius r, orbiting the ori-
gin. These momenta are multiplied by different random uniform factors from [0.8,1.2]
and chosen as initial momenta. With the initial conditions arranged in such a way, only
small accelerations and slow exchange in kinetic and potential energy occur until ¢t ~ 5.
Afterwards, close encounters of the bodies may occur, leading to high accelerations and
quick exchange in potential and kinetic energy. As in Jin et al. (2020a), 5000 trajectories
are generated, a final time Zepd train = O, and a step size b = 0.5 are used for training. In
contrast to Jin et al. (2020a), a final time ¢.,q = 7 is used for testing to check whether the
neural networks can generalize from the simple behavior to the case with close encoun-
ters. The data is split into 80% training, 10% validation and, 10% test data.
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The benefit of the high number of trainable parameters inside a multilayer perceptron
becomes apparent in Figure 3.8. Inside the training data the multilayer perceptrons have
an error about five times lower than the SympNets. However, the middle graph then di-
rectly reveals the most severe drawback of the physics-unaware multilayer perceptrons.
After only two timesteps outside of training data, the error of the predictions by the mul-
tilayer perceptrons is higher than the error of the four physics-aware neural networks.
Moreover, the error of the GHNNS inside the training data is five times lower than the
error of the multilayer perceptrons. Hence, the GHNNSs are highly accurate and able to
generalize at the same time. Again, the HénonNets with one hidden layer per MLP have
the highest error of all neural networks inside the training data and are able to generalize
slightly better than the multilayer perceptrons outside the training data.
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Figure 3.8: Comparison of the mean error over all the trajectories of the three bodies, in the test data
for 50 MLPs, SympNets, HénonNets, and GHNNs. Additionally to the HénonNets with one hidden
layer per learned V', the error of 50 HénonNets with two hidden layers is shown (Deep HénonNet).
The lighter-colored areas indicate the variations between the differently initialized neural networks.
The left graph shows the time range included in the training data. The middle graph shows the error
inside the time range included in the training data and two steps outside, with the black dashed line
indicating where the time range included in the training data ends. The right graph shows the errors
along the full trajectories.

Deep HénonNets showed worse performance in similar experiments for the single and
double pendulum (see original paper). In that case, the results is due to only three Hénon
layers being used to achieve the same prediction speed as all the other neural networks.
Since a large depth might be required by the structure-preserving neural networks in order
to approximate certain symplectic maps, only three Hénon layers might be insufficient.
For the 3-body problem, however, the roles are reversed. The deep HénonNets have a
smaller error than all other methods except for the GHNN, both inside and outside the
training data. This shows that to approximate the flow map of the 3-body problem, more
complex updates of the state are of greater importance than many updates. For the same
reason, the GHNN s outperform the SympNets by an order of magnitude.
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3.6 Conclusion

We introduced an overarching framework that unifies three widely-used neural network
architectures specifically designed to learn the symplectic flow maps of Hamiltonian sys-
tems: SRNNs, SympNets, and HénonNets. Additionally, this framework allows for the
creation of novel neural network topologies that cannot be built from the individual archi-
tectures. These new Generalized Hamiltonian Neural Networks (GHNNs) combine the
benefits and flexibility of all three aforementioned neural network architectures.

In the numerical experiment performed (single and double pendulum in the original
paper and gravitational 3-body problem shown here), 50 neural networks of four different
architectures (MLP, SympNet, HénonNet, and GHNN) were trained with the hyperparam-
eters chosen such that a prediction is realizable at the same speed for all networks. In this
experiment, our neural networks, the GHNNs, outperform all other neural networks for
the single pendulum data. The extrapolation capabilities of the GHNNS are astonishingly
good. The errors of the GHNNs and the SympNets are similar when trained on data for
the double pendulum system. Of both, the errors are remarkably smaller than those of
HénonNets and multilayer perceptrons. For the 3-body problem, the GHNN s have better
accuracy than all other neural networks, with the errors being over one order of magnitude
smaller than those of the SympNets. This drastic variation in the difference between the
errors of the GHNNs and SympNets (also HénonNets and deep HénonNets) suggests that
there are symplectic maps, where in order to approximate these, complex unit triangular
updates are essential and others where many simple ones are the better choice. Due to
the second layer in the MLPs of the GHNNs and deep HénonNets, far more complex unit
triangular updates can be learned by these methods.

These numerical experiments show that a universal approximation theorem and a high
number of trainable parameters are insufficient to guarantee good approximation capabili-
ties. A universal approximation theorem can be proven for all three symplectic neural net-
work architectures and the number of trainable parameters in the SympNets and GHNN's
for the 3-body problem are almost the same. We conclude that it is important how the
trainable parameters are arranged in the neural network. The choice of how to arrange the
trainable parameters can decrease the prediction error more than one order of magnitude
while preserving the same calculation speed.

At the same time, the HénonNets demonstrate that having too few trainable parameters
also limits the accuracy of the predictions. In a comparison with a similar number of
trainable parameters for all neural network architectures, as done in Burby et al. (2021),
HénonNets might outperform other approaches. In addition, all neural networks in our
numerical experiments were trained for many epochs to ensure that a good optimum was
found in the loss landscape. This allowed for a fair comparison of the approximation
capabilities of the different architectures. In Burby et al. (2021), the number of epochs is
quite limited and the HénonNets have, opposite to our findings, a smaller error than the
SympNets. This indicates that the additional structure in the HénonNets might be helpful
in reaching a good approximation quickly but restricts the approximation when the neural
network is trained for a long time.

Overall, the added symplecticity in all structure-preserving neural networks yields
a better generalization and stability outside the training data. Moreover, the structure-
preserving architectures achieve comparable or better accuracy than the multilayer per-
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ceptrons with far fewer trainable parameters. This can be useful for the application to
large Hamiltonian systems where large neural networks are needed and memory is lim-
ited.
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Appendix

3.A Loss during training of the different architectures

The training behavior of the different neural network architectures is given in Figure 3.9,
which shows that the SympNets and the GHNNs achieve a similar loss for the single
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Figure 3.9: Comparison of the validation loss during the first 2500 epochs of training for all three
Hamiltonian systems. The solid lines show the behavior of the median of the 50 neural networks
trained per architecture. The lighter-colored areas indicate the variations between the differently
initialized neural networks.

and double pendulum. However, the GHNNSs need less than 500 epochs to reach a good
minimum in the loss landscape, whereas the SympNets take around 1500 epochs to find
a similar minimum.

In Figure 3.10, the loss is plotted over all 25000 epochs. It is clear that after 5000
epochs, the loss of almost all neural networks for all three Hamiltonian systems has nearly
converged. After 5000 epochs, only the loss of the GHNNs on the pendulum data and the
loss of the MLPs on the 3-body problem data keep improving significantly.
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Figure 3.10: Comparison of the validation loss during the entire 25000 epochs of training for
all three Hamiltonian systems. The solid lines show the behavior of the median of the 50 neural
networks trained per architecture. The lighter-colored areas indicate the variations between the
differently initialized neural networks.
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ABSTRACT

Many problems in astrophysics cover multiple orders of magnitude in spatial and tempo-
ral scales. While simulating systems that experience rapid changes in these conditions, it
is essential to adapt the (time-) step size to capture the behavior of the system during those
rapid changes and use a less accurate time step at other, less demanding, moments. We
encounter three problems with traditional methods. Firstly, making such changes requires
expert knowledge of the astrophysics as well as of the details of the numerical implemen-
tation. Secondly, some parameters that determine the time-step size are fixed throughout
the simulation, which means that they do not adapt to the rapidly changing conditions of
the problem. Lastly, we would like the choice of time-step size to balance accuracy and
computation effort. We address these challenges with Reinforcement Learning by train-
ing it to select the time-step size dynamically. We use the integration of a system of three
equal-mass bodies that move due to their mutual gravity as an example of its application.
With our method, the selected integration parameter adapts to the specific requirements of
the problem, both in terms of computation time and accuracy while eliminating the expert
knowledge needed to set up these simulations. Our method produces results competitive
to existing methods and improve the results found with the most commonly-used values
of time-step parameter. This method can be applied to other integrators without further
retraining. We show that this extrapolation works for variable time-step integrators but
does not perform to the desired accuracy for fixed time-step integrators.
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4.1 Introduction

Reinforcement Learning (RL) has recently been growing in popularity for multiple appli-
cations. Based on the positive results of RL as a control mechanism, we explore its use
for the simulation of the motion of celestial bodies due to their mutual gravity. In these
simulations, one of the most important choices to be made in advance is the time-step
size. Integrators can often be classified by their time-stepping implementation. Although
fixed-size integrators such as the leapfrog scheme (Yoshida (1990a)) are easier to imple-
ment, they lack the versatility of variable time-stepping methods (Heggie & Hut (2003);
Aarseth (2003)). For example, Hut et al. (1995) presents a method to guarantee time
symmetry in any integration scheme when applying variable time-step sizes and empha-
sizes the relevance of adapting the time-step size in dynamical computer simulations of
particles. Examples of integrators that implement variable step-size include Hermite
(Makino & Aarseth (1992)) integrator, which is frequently used for solving the general
N-body problem. A more optimized time-stepping scheme based on the true dynamical
time of the individual particles was designed by Zemp et al. (2007).

These integrators use characteristic values of the system to estimate the optimal time
step size at each integration step. This estimation is currently not a physical quantity
but an empirical approximation. For example, Hermite uses the free fall time of pairs
of particles as an indication of how closely the particles in the system are interacting
with each other and calculates an appropriate time-step, as explained in Aarseth & Lecar
(1975); Pelupessy et al. (2012), and Capuzzo-Dolcetta et al. (2013). A more detailed
description of the time-stepping implementation of Hermite is presented in Subsection
4.2.1. Even in these integrators where the time-step is determined at runtime, there is a
control parameter that needs to be set manually before the start of the simulation. This
so-called time-step parameter generally has a value between 10~ and 1 and scales the
internally determined integration time step. The wide range of this free parameter illus-
trates the complexity of making an expert-knowledge-based decision. Modern integration
algorithms are geared to high efficiency while conserving energy. The automated method
in which the time step is decided internally can perform excellently for the right choice
of the time-step parameter. A poor choice will result in energy errors that are above the
acceptable values, or unnecessarily computationally expensive calculations. A value of
102 is commonly used without a convergence study that determines its optimal value.

In traditional N-body calculations, the time-step parameter is fixed. While running
over a relaxation timescale (or longer), the system’s topology changes, rendering the pre-
determined time step parameter gradually less optimal. This results in degradation of the
simulation results and loss of efficiency over time. Ideally, the time-step parameter should
depend on the characteristics of the system, allowing it to be reduced during periods of
high density, and increased in episodes of low density.

Despite the problem of deciding the time-step parameter being general, it is most
notorious during 3-body interactions. We therefore use as an example application of
our methodology a system of three equal-mass bodies that move under the influence of
their mutual gravity. In the 3-body problem, long-lasting wide encounters (hierarchical
triples) are intermixed with short-duration close encounters (democratic triples or scram-
bles) (Stone & Leigh (2019)).

The rapidly changing conditions imply that different step sizes are needed at different
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points of the evolution. We overcome these drawbacks by using RL techniques for the
automation of the choice of the time-step parameter during the simulation. We train the
algorithm to find the optimum balance between accuracy and computation time.

Although this application of RL has not yet been explored in astrophysics, Dellnitz
et al. (2023) used reinforcement learning to choose the optimum time step for the inte-
gration of systems with rapidly changing dynamics. They overcome the inefficiencies
that may arise in complex systems such as chaotic systems by combining ODE solvers
with data-driven time-stepping controllers. Their scheme outperforms recently developed
numerical procedures in problems in which traditional schemes show inefficient behavior.

Most examples of RL in astronomy focus on the optimal control of telescopes (Nou-
siainen et al. (2022); Jia et al. (2023); Yatawatta & Avruch (2021)) but RL has also been
used for other applications. Yi et al. (2023) explore the use of DeepQLearning for the pre-
diction of major solar flares and find that the performance achieved is noticeably better
than that of convolutional neural networks with a similar structure. Moster et al. (2021)
uses an adaptation of reinforcement learning to make predictions without unlabeled data
using a reward function.

A field that presents certain similarities to astrophysics is computational fluid dynam-
ics (CFD). In this case, the use of reinforcement learning is still at an early stage but ex-
periencing a significant growth (Viquerat et al. (2022)). Here, reinforcement learning can
be used for applications such as drag reduction, shape optimization, and conjugate heat
transfer. More related to our case are applications in which reinforcement learning is used
to choose simulation parameters. For example, Novati et al. (2021) uses RL techniques
to retrieve unknown coefficients in turbulence models. This field experiences challenges
that can also be extrapolated to the case of astrophysical simulations. The computational
cost of fluid mechanics simulations is generally high, which becomes a critical factor
for the use of RL algorithms since classical methods suffer from low sample efficiency,
i.e, they require large sample numbers to generate accurate results. Additionally, turbu-
lence in most CFD simulations can possibly lead to a degree of stochasticity that hampers
efficiency the training process. A similar application is found in robotics (Krothapalli
et al. (2011)), in which reinforcement learning is used to decide the grid size (resolution)
for robot navigation. The method aims to obtain finer grids next to obstacles for better
resolution.

Using reinforcement learning for dynamically choosing simulation parameters in As-
trophysics presents unique challenges. Fields such as fluid mechanics or weather predic-
tion suffer from chaotic dynamics. Similarly in astrophysics, this can be perceived by
the algorithm as stochasticity, which can make the training process less efficient. Addi-
tionally, computation time becomes a crucial consideration for simulations in which the
number of bodies is large or a high accuracy is required. Other challenges, such as the
large variability in the accelerations (Saz Ulibarrena et al. (2024)) and the hierarchical
structure of some systems can be mitigated with simplified examples like the equal-mass
3-body problem.

We study the use of DeepQLearning, a reinforcement learning technique, to learn the
optimal choice of time-step parameter at each step of the integration of the gravitational
3-body problem. In Section 5.2 we present our study case and our method. In Section 5.3
we present the results of our experiment and show a comparison with modern methods.
In Section 4.4.2, we show an example of other possible uses of our method by applying
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it to a fixed-size integrator. The code is publicly available at https://github.com/
veronicasaz/ThreeBodyProblem_astronomy.

4.2 Methodology

We present the method for integrating the motion of celestial bodies, the adopted initial
conditions, our adopted DeepQLearning strategy, and the reward function.

4.2.1 Integration of N-body systems

The gravitational force exerted on a body j in a system of N point masses interacting via
their Newtonian gravitational forces is given by Newton’s equation of motion

d2q; s mimy . L.
mjigj = Z Gr=—= 3 k> Gk = qr — qj- 4.1)
dt [l
k=0, k#j J

Here (m;) is the mass of particle j, ¢is the position vector, and G is the universal gravi-
tational constant. The indices j and k represent the celestial bodies.

To calculate the evolution of a system of N-bodies, we use a numerical integrator. For
our experiment, we adopt the fourth-order accurate predictor-corrector Hermite scheme
(Makino & Aarseth (1992)). This integrator has a variable and individual block time-
steps (Nitadori & Makino (2008)). Variable refers to the possibility of having different
values of the time-step at different steps of the simulation and individual block refers to
the clustering of time steps separated by factors of two and shared among the particles in
the group. These time steps are not time-symmetric, but this can be approximately-solved
with a small adaptation (Makino et al. (2006)).

We adopt the implementation for Hermite integrator from the Astrophysical Multipur-
pose Software Environment (AMUSE) (Portegies Zwart et al. (2009); Portegies Zwart &
McMillan (2018)). The code is called Hermite, and its time step is calculated from the
free-fall time of the individual particles (Hut et al. (1995)). This variable represents the
time it would take two particles to collapse due to their own gravitational attraction. The
time-step is calculated according to Aarseth (1985); Nitadori & Makino (2008) in N-body
units as a function of the accelerations a and its k derivatives (a(*)) as

. 1/2
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Here At; o p, where p is the time-step parameter, and we adopt Einstein’s convention
for derivatives. p is a design parameter that can be used to increase or decrease the
accuracy of the simulation. A small value of y leads to a small time-step, and therefore to
higher accuracy but longer integration time. One criterion for our approach is to optimize
the total integration time.

The other criterion is the validity of the calculation. This abstract measure, in some
cases of a chaotic system, can be estimated using the energy error of the system. Any
integrator for a problem that lacks an analytic solution introduces an energy error. Using
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Table 4.1: Initial values of mass, position, and velocity for the three particles.

PARTICLE ¢, (au) ¢qy (au) vy (km/s) vy, (km/s)
0

1 0 0 10
2 [5,20] [0, 10] -10 0
3 [-10,0] [5,20] 0 0

this metric as an indication of accuracy is limited to cases in which all bodies have similar
masses. In Section 4.5 we provide further discussion on the limitations and possible future
improvements for this metric. We calculate the energy error by taking the difference
between the total energies of the system initially and at time step ¢. The total energy E
can be calculated as the sum of the kinetic I}, and the potential energy F),, of the system,
and the energy error becomes

(Bki+ Epi) = (Bro+ Epo) _ Ei — Ep

AFE; =
Ek70 + Ep70 Ey

4.3)

A large energy error is an indication of unphysical solutions, and the aim is to keep this
error as small as possible.

4.2.2 Initial conditions: the 3-body problem

The gravitational 3-body problem is the lowest-N chaotic Newtonian dynamical system
for celestial mechanics. In addition, any system of three bodies will eventually lead to
the ejection of one body, leaving the other two bound in a pair (Heggie (1975)). Due to
the combination of finite lifetime, chaotic behavior, and rapidly changing topologies, the
gravitational 3-body problem represents an ideal study case to test and validate our RL
strategy.

Since systems of three or more bodies are dynamically unstable and notoriously chaotic,
any energy error inevitably leads to a different outcome. This was demonstrated in
Boekholt & Portegies Zwart (2015), where they adopted the arbitrary precise N-body
code Brutus, and argued that a relative energy conservation of 10~* suffices to preserve
the physics. We adopt the same criterion here.

A proper choice of the time step is paramount for a reliable integration, small energy
error, and acceptable runtime. Close encounters, which are inevitable, ensure that the
integration time step has to vary over several orders of magnitude in order to comply with
our main objective: find the largest possible time step for an acceptable energy error.

The 3-body problem is characterized by the masses, positions, and velocities of the
three particles at some moment in time.

For clarity, we choose the masses to be identical and equal to one solar mass (1 Mg)
and we limit ourselves to two dimensions (x and y). One particle is initialized in the center
of the reference frame of the three bodies with zero velocity. The two other particles are
positioned randomly following a uniform distribution with a fixed velocity according to
the limits dictated in Table 4.1. We keep astronomical units (au) as a baseline for position,
M, for mass, and km /s for velocity.
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In Figure 4.1, we show the evolution of six different realizations of this system for 100
steps. Each system has an initial seed, as indicated in the various panels, and the runs are
performed with ¢ = 10™%. The center of mass of the system has been initially positioned
at the center of the reference frame. Each of these six systems behaves fundamentally
differently on the short time scales of the integration, but more importantly, close encoun-
ters are alternated with wide excursions. After a finite time, the systems dissolve into two
bound particles and a single escaping particle. This is most noticeable in the examples
with seeds 1 and 3.

Seed = 0 Particle ¢z (au) qy (au)
1 \ o Particle 1 Seed 0
10 e Particle 2
. \ e Particle 3 2 13232 7152
=) 5 \.‘_..
z = o o 3 -6.028 13.173
. Seed 1
™~ 2 11.255 7.203
10
3 -1.14x1073 9.535
. Seed 2
2 11.540 0.259
3 3 -5.497 11.530
> i
Seed 3
2 13.261 7.081
10 3 -2.909 12.662
Seed 4
2 19.505 5.472
3 3 -9.727 15.722
> ° Seed 5
-2.5 AN
5o / > 2 8.330 8.707
e “1o 0 10 5 0 5 10 15 3 -2.067 18.779

x (au) X (au)

Figure 4.1: Different initializations run for 100 steps with a time-step parameter of 1 x 10™*. The
initial state is marked with a circle. On the right, we show the initial values associated with each
random seed.

4.2.3 Deep QLearning

The adopted Reinforcement Learning method interacts with the environment, in our case
the integration of the 3-body system, in order to select the optimal time-step parameter
at each step. To understand the challenges associated to the use of RL in astrophysics
simulations, we use a method that is interpretable and does not require the choice of
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a large number of training parameters. We adopt Q-learning for its relative simplicity
and demonstrated efficiency compared to other RL methods (Sutton & Barto (2018)).
Additionally, it has been shown to remain effective in stochastic environments (see for
example Hung & Givigi (2016)).

Q-learning is a method that optimizes itself to choose an action A which maximizes
a reward value R. It is a model-free method that learns through trial and error (Sutton
& Barto (2018)) an action-value function () that approximates the optimal action-value
function (Yi et al. (2023)). In contrast to other popular methods, Q-learning focuses on
exploration of the best possible actions and generally shows faster convergence (Zaghbani
et al. (2024)).

In our problem, the action represents the choice of time-step parameter. The action
space is discrete of size 10, where action O corresponds to a time-step parameter of p =
10~ (slowest and most precise calculation) and action 9 to . = 10~ (fastest and least
accurate). For the other actions, p has a value logarithmically spaced between these two
extremes. Using a discrete action space means that the RL algorithm is only aware of the
action number, and not of the value of the time-step parameter associated with it. This
allows us to be able to expand to other integrators for which the time-step calculation is
implemented differently (see Subsection 4.4.1). The choice of the number of actions in
this work is made to allow for a simple interpretation of the results. This number can be
increased to allow for a more refined algorithm.

The observation space (.5) corresponds to the state of the system: positions, velocities,
and masses of the three particles in the system. We add the current energy error in the
observation space to allow the system to also account for the current accuracy of the
simulation. For the state vector, we convert the positions and velocities to dimensionless
units with base 1 au for the distance and the sum of the masses of the bodies for the mass
(Hénon (1971)). Although a different choice of the observation space could lead to a
better performance of the algorithm, we choose Cartesian coordinates to avoid expert bias
in the algorithm and leave the finding of a better state vector for future work.

We adopt an extension of Q-learning called Deep Q-networks since our problem re-
quires a continuous observation space to account for the state of the particles being con-
tinuous. A deep Q-network (DQN) combines reinforcement learning with deep neural
networks (Mnih et al. (2015)) which are used to approximate the optimal value of the
Q-function

Q(S, A) = max,E [Rt +YRit1 +v?Riga + ] , 4.4

which is the maximum sum of the rewards multiplied by the discount value ~ at each
time step ¢. This maximum is chosen following a behavior policy m = P(A|S) after mak-
ing an observation S with an action taken A. To balance the trade-off between exploration
and exploitation, the algorithm includes a stochastic exploration strategy called e-greedy,
by which a random action is chosen with probability p instead of the one selected by the
algorithm (Viquerat et al. (2022)). This value ¢ is reduced during the training to favor
exploitation over exploration. To avoid the inherent instabilities of RL, the method uses
experience replay, which stores the data in a training database and randomizes the chosen
training sample to eliminate correlations in the observation sequence (Mnih et al. (2015)).

Deep Q-networks make use of a neural network instead of a Q table. In order to
avoid instability and variability during training (Yu et al. (2018)), it is common to use two
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different networks: the QNet and the Target network. The first is updated at every step
of the training algorithm, whereas the weights of the Target net are only updated with the
ones of the QNet after multiple steps. The predictions to further select the best Q-value
are made with the target net, allowing for further stability of the results than with only
one network. Both networks have the same architecture and their only difference is the
frequency at which their weights are updated.

We implement our deep Q-learning method using PyTorch (Imambi et al. (2021))
with an environment created using Gym (Brockman et al. (2016b)).

4.2.4 Reward function

The reinforcement learning algorithm will learn to choose the optimum strategy for each
specific realization of the system. We define this optimum based on the balance between
accuracy and computing time.

Our reward function consists of two terms: the first accounts for the total energy error
of the system at a given step, and the second one for the computing time. We discuss the
comparison between different expressions and weights in 4.A. The chosen form for the
reward function is

1 logy, (|AE|/1071) 1

R=- 0 1 )
step |log10(AEi) ‘3 [log;q (1)

(4.5)

where W 1) represents the weights of the reward function, which are design choices.
The first term in Equation 4.5 represents a decreasing slope with the value becoming zero
when the energy error approaches AE = 10710, as can be seen in Figure 4.2. We design
this term so that the reward obtained by achieving energy errors below 10~ has a smaller
slope than for errors above 10719, We achieve this by dividing the first term by the cube
of the logarithm of the energy error. Additionally, we divide this term by the current
integration step. By doing this, a large energy error is penalized more at the beginning of
the integration than at further steps. If the energy error grows to a larger value early in the
simulation, this error will continue to accumulate. By adding this term, we aim to prevent
early-on large energy errors. The second term accounts for the computational effort by
penalizing the use of a small value of p.

In Figure 4.2, we present the value of the reward function for different steps and
initializations as a function of the total energy error at that step (top panel), and as a
function of the computation time of the step (bottom panel). We observe from the first
plot a decreasing trend of R for larger values of the energy error. For equal values of the
energy errors, a larger p yields a larger value of R to account for the computation time.
In the bottom panel we observe that there is no clear trend for the computation time as the
energy error is the dominant term.

The weights have been chosen to balance the values of those two terms and can be
found in Table 5.2. A comparison of different choices is also found in 4.A. W is chosen
to be 3,000 to balance the energy error and computation time terms. This is the only
weight that has to be actively chosen during the training. With this value of W), as can be
seen in Figure 4.2, a maximum can be achieved with either a low energy error or a large
time step parameter. The value of W is fixed to 4 for the second term to range between 1
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Figure 4.2: Reward value as defined in Equation 4.5. The top plot shows the reward as a function
of AFE;, and the bottom plot as a function of the computation time. The color is the size of the time
step parameter.

and 4 for simplicity of the interpretation of the results. However, this value could be fixed
to 1 instead, and Wy would remain the only variable to be tuned.

4.2.5 Method setup

In Figure 4.3 we show the DQN algorithm used. Starting with an initialization of the
system at time 4 (as shown in Subsection 4.2.2), we evolve the state (X)) for a time (At),
which results in the state of the system X, at time ¢ + 1. This means that we find the
positions and velocities of the particles in the system at a later time. To create a training
database, we take one sample from each evolution step. The sample is formed by the
State (S) and the reward (R) associated with the given action (A) at step ¢. The reward is
calculated using the energy error for that step (as in Equation 4.3) and the time-step size
as explained in Subsection 4.2.4. The state (S5) that is fed to the training agent is formed
by the positions, velocities, and masses of the bodies (X') as well as the energy error (as
explained in Subsection 4.2.3)

To train the algorithm, we generate a random batch from the training database gen-
erated and use it to update the weights of the QNet. After a given number of training
steps (t), the Target network is updated with the weights of the QNet. The current state
S is used as input to the Target net to predict the Q-values associated with every possible
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action in the action space. Then, the action with the largest Q-value is selected to evolve
the system for the next time step, and this process is repeated recursively. In some cases,
a random action is taken instead of the predicted one to allow escaping local minima.

When the energy error of the simulation reaches a tolerance value of 10~ or the
maximum number of steps per episode is reached, the simulation is terminated and a new
set of initial conditions is chosen to restart the process for the next episode.

New Episode

© Environment

At
Xy =X

l
\
>
R,
| Agent

Sample

if AE > tol

Add sample

Select largest Tr;\ant?g

Q value

Random batch
Train

QNet

Update
Qr (S, Ay)

Target Net

Figure 4.3: Schematic of the DeepQL setup. For each episode, the state of the system is evolved
using the selected action, and together with the energy error and state, the QNet and the Target
Networks are trained and updated, respectively, to select the optimal action.

4.2.6 Training parameters

The training parameters are selected based on manual experimentation due to the large
computational resources needed for an automatized hyperparameter optimization proce-
dure. The main hyperparameters and simulation parameters are shown in Table 5.2. The
first rows correspond to the maximum number of episodes, steps per episode, and the
energy error tolerance to stop each episode, as explained in Subsection 4.2.5. The lat-
ter is chosen based on the assumption that a larger energy error indicates an unphysical
solution. The maximum number of steps is chosen to be 100 as it is in that interval of
time when most close encounters occur, but this number could be made arbitrarily large.
After a time equal to At, we evaluate the physical properties of the N-body system and
choose a new action accordingly. The value of At differs from the internal time-step size
(see Equation 4.2). The last rows in Table 5.2 correspond to the number of actions chosen
to train the algorithm, the minimum and maximum values of the time-step parameter p
(Subsection 4.2.3), and the weights of the reward function (Equation4.5).

In Figure 4.4, we show the evolution of the training process at each episode using the
cumulative reward, the average reward, the slope of the energy error, and the final energy
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Table 4.2: Training and simulation parameters.

GLOBAL SEARCH

MAX EPISODES 2,000
MAX STEPS PER EPISODE 100

AFE TOLERANCE 1x107!
At 1x 107! (YR)
HIDDEN LAYERS 9
NEURONS PER LAYER 200
LEARNING RATE 1x1073
BATCH SIZE 128
TEST DATA SIZE 5
NUMBER OF ACTIONS 10
[HMIN, ,UMAX] [1 X 10_4, 1x 10_1]
Wio, [3,000 , 4.0]

error. We can observe large oscillations due to the presence of random functions in the
training procedure and the large differences in behavior between the various initializa-
tions. We show in black a fit of these oscillations. However, due to the chaotic nature of
the problem, it is not possible to use these metrics as a measurement of the quality of the
training procedure.

Cumul R/episode

1000

o] 250 500 750 1000 1250 1500 1750 2000

Avg R/episode

-10

o] 250 500 750 1000 1250 1500 1750 2000

Slope AE/episode

o] 250 500 750 1000 1250 1500 1750 2000

Final AE/episode

0 250 500 750 1000 1250 1500 1750 2000
Episode

Figure 4.4: Evolution of the cumulative reward per episode (first row), the average reward per
episode (second row), the rate of growth of the energy error per episode (third row), and the final
energy error per episode (fourth row).

To overcome this problem, we create a test dataset that contains a set of initial condi-
tions. At the end of each training episode the performance of the RL algorithm is tested
on those initializations and the results are saved as a measurement of the evolution of the
training procedure. In this way, we prevent randomness in our evaluation of the training
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by using the same initial realizations at each episode and therewith create a robust testing
method. It is important to mention that this method incurs in additional computation time.
Depending on the needs of the experiment, the testing can be done every X episodes to
save computational effort. The size of the test data used is specified in Table 5.2. In Figure
4.5a, we show the same training as in Figure 4.4 but with our testing method. We plot the
average and standard deviation of each of the metrics for the testing samples. It is now
possible to distinguish between the models with high reward and those which perform
poorly. We then mark with a red line those episodes in which the reward achieved is the
largest. We explore those models and others with similar reward values and choose the
model at episode 1444 as our best-performing candidate.

Training time: 152.17 min R Training time: 17.66 min R

100
11 15 =
91
10001 1.0
Zi0t]
0 250 500 750 1000 1250 1500 1750 2000 0 50 100 150 200 250 300
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0] ! 2100] ———— AT T T
-125
0 250 560 750 1000 1250 1500 1750 2000 0 50 100 150 200 250 360
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10734 0.0010
le UJL'MM bts 0.0005 WVWM««/WMM

1074 0.0000
0 250 500 750 1000 1250 1500 1750 2000 0 50 100 150 200 250 300

Episode Episode
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Figure 4.5: Evolution of the average (blue) and standard deviation (orange) of different metrics of
the test dataset per episode of: the reward value (first row), the energy error (second row), and the
computation time (third row) for the global training (a) and for the local training performed after
the global one (b).

The training time changes depending on the actions taken at each episode and the test
data size. With our settings, training for 300 epochs takes 17 min (on an AMD Ryzen
9 5900hs). The training times are included in the figure corresponding to the training
evolution (Figure 4.5a).

The reward function landscape is made of many local maximums. Since this function
is composed of two terms, a local maximum could be one of the solutions in which the
algorithm always chooses the most restrictive actions. In this case, the energy error term
would be maximized at the cost of computation time. On the other hand, another local
maximum could be the choice of the least restrictive action to maximize the computation
time term. We aim to obtain an algorithm that can balance those two, and it is therefore
essential to choose the correct weights for the reward function. Even when the weights
are optimal, the random nature of the training may lead the algorithm towards one of these
local maximums. We therefore repeat the training multiple times with different seeds until
the maximum reward represents our objectives. The model chosen comes from a training
with an initial weight distribution corresponding to seed 1.

The model chosen is capable of identifying certain features of the integration and
adapting to it. However, we did not find the result fully satisfactory. Therefore, we
perform a local search starting from the weights of the selected model. Using the training
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Table 4.3: Training and simulation parameters of the local search

LOCAL SEARCH

MAX EPISODES 300
LEARNING RATE 1 x 1078
TEST DATA SIZE 5

conditions shown in Table 4.3, we further train the RL algorithm for 300 episodes with
a lower learning rate to find solutions that are close in the optimization landscape to the
one obtained with the global search. This training is shown in Figure 4.5b. We evaluate
the models at the episodes with the largest reward value and take the best-performing one.
We choose the model at episode 88 for our final results. This procedure could be further
repeated to obtain consecutively better results, but on account of the computation time
limitation, we restrict ourselves to one local search.

4.3 Results

In this section, we discuss the results of the integration of a system of three particles using
the trained RL algorithm and compare it with the canonical approach without retraining.

4.3.1 Integration results

Once the algorithm has been trained using the parameters shown in Subsection 4.2.6 the
model can be used repeatedly without the need for retraining or without any expert knowl-
edge involved. We aim to obtain an algorithm that chooses small values of the time-step
parameter when close encounters occur, and large values when the particles are farther
away from each other. One remaining challenge is the gradually growing energy error,
and the fact that once increased, is it not likely to decrease by large amounts. We mitigate
this problem by including the energy error in the state S of the DQN algorithm. The
algorithm then takes the relative local error and the global energy error into account for
making a decision.

To illustrate the working of our trained RL algorithm, we evolve the initial conditions
(see Figure 4.1) for 300 time steps (30 years). Since our algorithm was trained for the
integration up to 100 steps, training to 300 steps allows us to also understand the extrap-
olation capabilities of the trained model. The results are presented in Figure 4.6a, Figure
5.13, and Figure 4.7.

In the first row, we show the trajectory of the three particles using a fixed value for
p = 10~% (left), and the results of the RL algorithm (right). They look indistinguishable.
In the second row, we present the pairwise mutual distance between the three particles.
This is a good method to identify close encounters. The third row gives the action chosen
by the RL algorithm for each time step. The last two rows represent the reward and the
energy error for each study case, respectively.

We can observe how the trained RL model correctly identifies close encounters and
adopts a more restrictive action to prevent a large jump in energy error when necessary.
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Figure 4.6: Comparison of fixed-size time-step parameters with our RL. model for 300 time steps
(30 years). We present the trajectory in Cartesian coordinates (top row panels), the pairwise distance
between particles (second row), the actions taken by the RL algorithm (third row), the reward for
each case (fourth row), and the energy error at each time step for each study case (fifth row), for
initializations with seed O (a) and seed 2 (b).

When the distance between the particles does not correspond to close encounters, our
trained model increases the time-step parameter, leading to faster calculations with ac-
ceptable accuracy. The selected action is smaller during close encounters and larger when
the system is hierarchical.

Our initial intuition led us to think that the optimal RL algorithm would select a less
restrictive action unless there is a close encounter, in which case a more restrictive action
is needed. Therefore, we expected lower peaks in the action plot (third row of Figure
4.6a) when the bodies have a close encounter. However, studying our trained RL model,
we observed that the high-reward solutions many times skip some of those peaks without
an increase in the energy error. If we take into consideration that the energy error will not
decrease substantially as the simulation progresses, we realize that contrary to our initial
intuition, choosing a smaller time-step parameter might not be the optimal choice once
our simulation has advanced. As an example, if at step 50 our energy error is on the order
of 10~7, we need to choose a less restrictive action during the close encounter to keep the
energy error lower than that. However, if the energy error after 50 steps is 10~%, and the
cost of choosing a less restrictive action is of the same order, choosing a restrictive action
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to achieve a lower energy error will not have a noticeable effect in the global simulation.

We show the results of our trained RL algorithm for three representative initializations
of the 3-body problem. For the result with seed 0 in Figure 4.6a, we observe how the
algorithm correctly identifies close encounters and adapts by choosing a lower action. In
some close encounters, this behavior is not seen. As explained before, choosing a lower
action is only necessary depending on our current energy error. In some cases, choosing
for a lower action will not lead to an improvement of the accuracy. This is the case, as
we can observe that even by skipping a close encounter, the energy error still remains
constant throughout the simulation. Additionally, this simulation is run to 300 steps (30
years), whereas the training is done with simulations up to 100 steps, which speaks of the
excellent extrapolation capabilities of our method. In the case of seed 2 shown in Figure
5.13, the close encounters are less pronounced, but the algorithm still identifies them
correctly and chooses a lower time-step parameter accordingly. Finally, in the results for
seed 3 (Figure 4.7) we can observe a close encounter between the three bodies followed
by consecutive close encounters between two of them. In this case, the algorithm adapts at
each encounter to prevent the energy error from increasing. This leads to a fast oscillation
of the actions taken at each step.

To better appreciate the performance of the trained RL algorithm, we present in Figure
4.8 the energy error and computation time at the end time of 100 initializations run for
300 steps. We compare the RL algorithm (orange) with a rather inaccurate fixed value
i = 107! (blue), and with a rather accurate fixed value ;1 = 10~ (green). As expected,
the calculations for ;4 = 10~! produce larger energy errors but require lower computation
effort, whereas the calculations for 4 = 10~* are generally more precise at a larger
computational cost. The majority of the calculations with ;1 = 10~* are unnecessarily
accurate as they conserve energy better than 1070, but at a cost of more than twice the
computation time of our RL solution. It should be noted that the computation time refers
to the integration time, and does not include the prediction time of the network. In most
problems, this time is negligible compared to the time it takes to integrate the system.
We additionally show the results for the case with u closest to 1072 since that is the
most commonly used value in astronomy simulations. Our RL algorithm achieves better
energy errors than this commonly-used value while avoiding the large computation times
corresponding to a low value of p. Additionally, it does so without any expert knowledge
needed to set up the simulation. This result is promising, further fine-tuning of the training
procedure could lead to even better results.

4.4 Generalization capabilities

In this section, we discuss the generalization potential of our method when choosing a
different integrator.

4.4.1 Generalization capabilities: different integrators

The RL algorithm is set up so that it can be applied to any integrator without the need to
modify its source code. This means that applying it to different integrators is effortless.
Therefore, we study the generalization capabilities of our method when applied to other
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Figure 4.7: Comparison of fixed-size time-step parameters with our RL model for the initialization
with seed 3 run for 300 time steps (30 years). We present the trajectory in Cartesian coordinates
(top row panels), the pairwise distance between particles (second row), the actions taken by the RL
algorithm (third row), the reward for each case (fourth row), and the energy error at each time step
for each study case (fifth row).

integrators.

The trained algorithm chooses an action ranging from 0 to 10, where the first is the
most accurate time-step parameter and the second is the least. Some integrators like
Huayno (Pelupessy et al. (2012)) also use the time-step parameter, whereas others can
use other parameters to determine the size of the time step. For example, the Symple
integrator allows choosing the order and the time step size. We use the trained algo-
rithm for these two other integrators with the ranges of actions in Table 4.4 and compare
their performance. We also adopt the implementation of these algorithms from AMUSE
(Portegies Zwart et al. (2009); Portegies Zwart & McMillan (2018)).

The ranges for the actions are chosen for the integrators to have similar values of
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Table 4.4: Ranges of actions for different integrators

VALUE MINIMUM VALUE MAXIMUM VALUE

HERMITE o 1077 07T
HUAYNO U 107° 107t
SYMPLE At 1077 1072

computing time and energy error for their least and most accurate actions. We see in
Figure 4.9 the final energy error and computing times for 100 initializations integrated for
100 steps. We observe how Symple, even with the most accurate time-step size, has a
large range of final energy errors due to its fixed time-step size. It therefore requires a
small time-step size to achieve similar energy errors as with Hermite, which leads to
a large computation time. Similarly, we choose a smaller lower value for the time-step
parameter, which leads to the simulations being slightly more computationally expensive.

We evolve the system with seed 0 for 300 steps (30 years) with the aforementioned
integrators. In Figure 4.10a, we show the actions taken for each integrator and the energy
error incurred. Similarly to Hermite, the RL algorithm with Huayno can identify close
encounters and adopt a more restrictive action to keep the energy error reasonably constant
during close encounters, although the final energy error is approximately two orders of
magnitude larger. From the results obtained with Symple, we can conclude that the
trained algorithm does not extrapolate well to fixed time-step algorithms as it reaches the
maximum allowed value of energy error early in the simulation.
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Figure 4.9: Comparison of the final energy error and computation time for the least and most
accurate actions with Hermite, Huayno, and Symple integrators run for 100 steps.

Table 4.5: Training and simulation parameters for Symple

GLOBAL SEARCH

MAX EPISODES 3000
LEARNING RATE 1x 1073

TEST DATA SIZE 5

NUMBER OF ACTIONS 10

[ty faiax] [1x1077, 1 x 1072
Wio,1,2] [3,000, 4]

4.4.2 Training and integration with Symple

In Subsection 4.4.1, we learn that the trained model does not extrapolate well for the
Symple integrator. This was to be expected since Symple does not have an internal
integration calculation and the RL method is directly choosing the time step instead of
the time-step parameter. This level of extrapolation cannot be expected from current RL
techniques. Although the trained model does not extrapolate, we show that our method
can be extrapolated without the need for changes in the reward function or other RL
parameters. To do so, we use the same method to train a new model suited for Symple.
Similarly, this method could be applied to other integrators and problem setups. We train
a new model with the parameters shown in Table 4.5. The training metrics and the results
of applying the model to the integration with Symple can be found in 4.B.

We apply the trained model to the evolution of the initialization with seed O for 30
years. The results in Figure 4.10b can be compared with those in Figure 4.10a. In con-
trast with the model trained for Hermite, this new model can correctly identify close
encounters and adapt the actions taken accordingly. Whereas the least restrictive cases
with fixed time step reach the maximum allowed energy error early in the integration, our
trained model is able to adapt the actions to finish the integration with a low energy error.
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Figure 4.10: (a) Comparison of actions taken and energy error for three different integrators. The
top panel shows the pairwise distance between bodies. (b) Comparison of fixed-size time step
with our RL model for the initialization with seed 0 for 300 time steps (30 years). We present the
trajectory in Cartesian coordinates (top row panels), the pairwise distance between particles (second
row), the actions taken by the RL algorithm (third row), the reward for each case (fourth row), and
the energy error at each time step for each study case (fifth row).
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Finally, we show the distribution of computation time and energy error for 100 ini-
tializations run for 300 steps for Symple in Figure 4.11. The main problem with using
Symple integrator is the large spread in final energy error for different initializations.
By not having an adaptable time-step the accuracy of the simulation will depend on how
chaotic each scenario is. We show that our RL. model can achieve results that are mostly
concentrated around low energy values, but the computation times achieved are not good
enough to consider the trained model to be competitive. We believe that further train-
ing with optimized training parameters and a larger network would lead to a significant
improvement of these results. We will leave that experiment for future work.
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Figure 4.11: Distribution of computation time and energy error at the last step for 100 initializations
run for 300 steps. Each color represents one study case, from the most inaccurate fixed value in blue,
to the most accurate one in green. The results for the RL algorithm using variable p are presented
in orange.

4.5 Discussion and conclusions

We designed a method in which an agent is trained to choose the best time-step param-
eter for the simulation of the chaotic 3-body problem. We have overcome some main
disadvantages of modern integrators, such as our baseline Hermite integrator. Firstly,
we eliminate the need for expert knowledge when choosing this parameter. Secondly, we
allow it to change during the simulation to adapt to the rapidly changing conditions of the
problem. Finally, the algorithm is trained to balance computation time and accuracy.

The reward function determines the correct functioning of the method. Currently, we
use the energy error as a metric of the accuracy of the simulation. Although this applies to
the case shown here, when the ratios of the masses of the bodies are different, the energy
error becomes an unreliable metric for the correctness of the dynamics. In this case,
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the energy contribution of the bodies with low mass is orders of magnitude smaller than
that of larger bodies. Our method could be made applicable to the hierarchical N-body
problem by changing the energy term of the reward function with another metric (Rauch
& Holman (1999); Pham (2024)).

We have shown our implementation of the reward function containing two different
terms to account for the energy error and computation time. We observe that our method
is capable of achieving better energy conservation than most of the fixed time-step pa-
rameter cases for equivalent values of energy error and computation time. Our trained
network can be used without the need for retraining in the case of other integrators. How-
ever, the performance achieved for fixed time-step size integrators is worse than that for
variable time-step size methods. Although the final energy error for integrators other than
Hermite is larger, by retraining our model we can adapt its use to other integrators,
such as Symple, to achieve better performance with few training episodes. We therefore
show how our method can be easily generalized to other integrators without the need to
adapt their implementation. Similarly, this framework can be used in many other similar
problems with the necessary adaptations in reward function. Additionally, the state vector
depends on the number of bodies in the system. In order to apply this method to higher-N
problems, the model would have to be retrained. Overcoming this issue is left for future
work.

Currently, our method performs the observation and chooses the action after a check
time At. In future work, we aim to eliminate this requirement and perform the check
after every internal time step. By doing this, the integration becomes more flexible and
the time-step parameter can be adapted after smaller steps when close encounters occur.
Furthermore, the hyperparameter optimization was done via manual experimentation. In
our opinion, a systematic approach would yield better training results and help improve
the final performance of the algorithm. Additionally, more complex RL methods could
also contribute to an improvement in the method performance.

Although the results shown are preliminary, they open a new scientific opportunity
for the inclusion of Machine Learning into astronomical simulations. The method pre-
sented is general enough to be applied to a variety of integrators and cases without major
changes in the method itself and shows to be promising in eliminating the need for expert
knowledge for setting up a simulation.
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Appendix

4.A Reward function comparison

Finding the right reward function for the reinforcement problem is vital to obtain optimal
results. We try different combinations of the two terms: the first being the energy error
at a certain step, and the second the time step parameter to account for the computational
time. Those are shown in Equation 4.6 and Equation 4.7:

(A +10)

Type 1: R = _WOW + W1C, 4.6)
Type 2: R=-WyA+ W,C, “@.7
where
1
A =logy, (JAE;]), B= —«———. 4.8)
10 log;o (1)l

We show the behavior of each of those as a function of the energy error, and the
computation time in Figure 4.12. Type 1 yields larger values of the reward for low energy
errors and for high values of the time step parameter (shown in blue). The reward value
rapidly decreases as the energy error rises to unphysical values. Type 2 presents a structure
in which the maximum rewards are achieved by low energy errors, but a low computation
time cannot lead to maximum values of the reward during the training procedure.

For our training, we choose type 1 (Equation 4.6 and Equation 4.5) since it shows the
best adherence to our requirements.
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Figure 4.12: Reward value for different reward choices as in Equation 4.6 to Equation 4.7. The
left plot shows the reward as a function of A F;, and the right plot as a function of the computation
time. The color represents the size of the time step parameter.

4.B Training and results for other initializations of Sym-
ple

We show the training evolution of the model for the Symple integrator. We show the
evolution of the reward, energy error, and computation time in Figure 4.13. The episodes
with the largest reward values are indicated with red lines. We select the model at episode
1949.

We show other examples of the performance of our model trained for Symple. In
Figure 4.14a, we see the evolution of the integration for the initialization with seed 1. As
before, the model adapts the actions to keep the energy error constant while increasing the
action number as the simulation progresses to improve the computation time. In Figure
4.14b we see similar results, with our model being able to keep the energy error constant.
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Figure 4.13: Evolution of the average and standard deviation of different metrics of the test dataset

per episode of: the reward value (first row), the energy error (second row), and the computation
time (third row).
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Figure 4.14: Comparison of fixed-size time-step parameters with Reinforcement learning. We
show the trajectory in Cartesian coordinates (top panel), the pairwise distance between particles
(second panel), the action taken at each step (third panel), the reward for each case (fourth panel),
and the energy error at each time step for each study case (fifth panel), for initializations with seed
1 (a) and seed 2 (b).






REINFORCEMENT LEARNING FOR
THE DETERMINATION OF THE BRIDGE
TIME STEP IN CLUSTER DYNAMICS
SIMULATIONS

Work in preparation by Veronica Saz Ulibarrena, Simon Portegies Zwart. Reprinted here
in its entirety.

ABSTRACT

Astrophysical simulations often deal with multi-scale and multi-physics cases, which en-
tails the need for methods which can handle those. A common approach involves sep-
arating the system into multiple parts where each is integrated using problem-specific
methods. Then, those parts are coupled on a given time scale. The coupling time scale, or
coupling integration time, is determined manually and remains fixed throughout the simu-
lation. In this work, we introduce a novel approach that leverages reinforcement learning
techniques to automatically select the coupling time step during simulations. Our method
effectively balances computation time and accuracy by adapting the time-step size to the
characteristics of the simulation at each step. We test our method on a multi-scale prob-
lem: a star cluster in which one star contains a planetary system. We perform multiple
tests on clusters with different (small) numbers of bodies and find that the method re-
mains robust for multiple cases and across multiple physical domains. We test the effect
of changing the integrators used for the different parts of the system and demonstrate
that our method is independent of this choice. Similarly, we implement a parameter that
scales the time steps to tune the accuracy requirements of the problem and find that our
method is also applicable in this case. For long-term integration, where energy errors
tend to accumulate, we find that our reinforcement learning method can achieve better
results than the methods with fixed-time steps, but all cases lead to large energy errors in
time. We develop a hybrid strategy that can detect jumps in energy error and prevent them
by recursively reducing the time-step size at a given instance. The case with the hybrid
implementation performs orders of magnitude better compared to our baselines, with-
out significantly increasing the computation time. This method ensures the robustness of
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simulations that use reinforcement learning.

Our method eliminates the need for expert knowledge and balances computation time
and accuracy while adapting to the needs of the simulation at each step. We show that it
can be directly extrapolated to a large range of astrophysical simulations.

5.1 Introduction

As our knowledge of the universe grows, astrophysics simulations become more complex
to adapt to increasingly-advanced studies. This complexity can appear in a simulation in
multiple forms. For example, by increasing the number of bodies involved or by including
multiple physical phenomena, the results obtained are more true to the physical reality
and therefore easier to compare with observational results. This increase in complexity
leads to the need for more efficient methods that take the computational limitations of the
problem studied into consideration.

In a simulation of a system of N bodies moving due to their mutual gravitation, numer-
ical errors appear mainly due to discretization approximations and round-off (Boekholt &
Portegies Zwart (2015b)). These errors can accumulate and lead to a deviation of the re-
sults with respect to the physics. The accuracy of a simulation can therefore be measured
in terms of the numerical error present. Newton’s equation of motion can be integrated
accurately with 4th-order direct integration methods. However, the computational effort
of direct methods scales with N2, with N being the number of bodies in the system. This
can lead to large computation times being required to obtain accurate solutions. For ex-
ample, simulating a star cluster with N = 100' using Brutus integrator can take 43
days when run on an 8-core modern workstation. To allow for faster integration of large
systems, several methods have been designed to speed up this computation at the cost of
accuracy. For example, the hierarchical tree algorithm from Barnes-Hut (Barnes & Hut
(1986)) groups far-away bodies, whereas nearby interactions are calculated directly.

Another problem arises when a system is composed of multiple hierarchical systems,
for example, a planetary system with moons, and a star cluster with planetary systems,
among others. In these cases, the difference in scales leads to a decision problem: to
integrate the system on the scale of the largest part to speed up the calculation while miss-
ing the subtleties of the smallest one, or to integrate the system using a time-step size
consistent with the scale of the smallest part, leading to impractically-large computation
times. This problem can be effectively addressed by using methods that separate these
systems into smaller parts and integrate them independently. Examples of these meth-
ods are Lonely planets, Nemesis (Portegies Zwart et al. (2020)), and Bridge, a
method designed by (Fujii et al. (2007)), and which we will further look into in Subsection
5.2.1. Similarly, many of these methods can be used when there are many physical phe-
nomena involved in the problem, such as gravitational interactions and hydrodynamical
processes, radiation processes, stellar evolution, etc.

These methods provide a solution that allows to numerically integrate systems sepa-
rately. However, the different parts of the system need to communicate with each other
and ensure that each part includes the effect of its environment. This coupling is dealt with
differently in each method. A common challenge is finding the time scale at which those

Unitialized using a Plummer sphere, equal-mass stars, and run for 20 N-body time units.
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systems need to interact, i.e., communicate with each other, to ensure that the simulation
is accurate enough for the purpose of the study while keeping the computational cost low.
The choice of this coupling time-step size is normally made manually based on expert
knowledge and kept fixed throughout the simulation. As explained in Saz Ulibarrena
& Portegies Zwart (2024), systems that experience dynamical changes in their behavior
benefit from a variable time-step size that adapts to the relevant scales of the system at
a given time (Heggie & Hut (2003); Aarseth (2003)). Indeed, many integration codes
include some internal calculation of the time-step size to ensure that it adapts to the con-
ditions of the problem. Examples are found in Aarseth & Lecar (1975); Pelupessy et al.
(2012), where the free-fall time of pairs of particles is used as a measure of how closely
particles are interacting and used to estimate an adequate step size. However, this type of
solution is not available for coupling codes such as Bridge yet.

Machine Learning (ML) is being studied as a method to speed up simulations in many
fields. It is common to use ML methods as a proxy to replace the integrator to improve ef-
ficiency by avoiding expensive calculations (Cai et al. (2021b); Greydanus et al. (2019a);
Saz Ulibarrena et al. (2024)). Additionally, an interesting application is using ML meth-
ods to replace choices that are otherwise made manually. When setting up a simulation,
there are certain choices to be made; from the initial conditions, to the integrator, to the
time-step size. Many of these choices are made based on expert knowledge, whereas other
parameters are often left as their default value. This can lead to poor results or inefficient
simulations. Additionally, expert knowledge is not always available for every experiment.

Reinforcement Learning (RL) methods are used to make choices automatically based
on some values to be optimized. One of the most important parameters to be chosen in
a simulation is the time-step size. As mentioned before, many integrators include the
automatic calculation of the optimum time-step size at each step, but there is no current
solution to obtain an estimation for coupling systems. We develop a reinforcement learn-
ing algorithm that automatically chooses this time-step size. In addition to adapting to
the conditions of the problem at each step and providing a solution that optimizes accu-
racy and computation time, our method reduces the expert knowledge needed to run these
simulations.

We focus on the case of a star cluster in which some stars have planetary systems.
Using the Bridge method, we train a reinforcement learning algorithm to choose the
optimum time-step size at each simulation step.

In Section 5.2, we explain in detail our implementation of the Bridge method, the
initial conditions chosen for the problem, the integration settings, and the main parameters
involved in the training of an RL algorithm. In Section 5.3, we show the training of the RL
algorithm and the results of applying the trained method to our simulations. We compare
the performance of the trained model for a variety of initializations, integration times, and
the number of stars in the cluster. We then simulate a system of 1,000 stars with a different
star cluster integrator to further demonstrate the generalization capabilities of our method.
Lastly, in Section 5.6 we discuss the possible uses and limitations of the method created
and summarize the goals and results of our work.

The code is publicly available at https://github.com/veronicasaz/RL_
bridgedCluster.
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5.2 Methodology

We couple different parts of a multi-scale system and incorporate a reinforcement learning
algorithm into the simulation.

5.2.1 System setup

We look into systems in which different scales are involved. Specifically, a cluster of stars
where some have planets orbiting them. Integrating such a system becomes quadratically
more expensive as the number of bodies increases. Therefore, optimizing the computation
time becomes an essential part of astronomical simulations. Additionally, the choice of
time-step size should be based on the fundamental scales of the system. This scale can
be radically different for the star cluster and the individual planetary systems. Hence, it is
relevant to look into methods that allow the separation of the system into multiple parts.

We take as our integration framework Bridge as defined in AMUSE (Portegies Zwart
& McMillan (2018); Portegies Zwart et al. (2009); Portegies Zwart et al. (2013)). It is
a method that separates a system into a parent and a child. Each of them can then be
integrated using a different code and integration settings. This allows the use of the most
adequate methods in cases where there are fundamental differences in the behavior of
the parts that form a system. We apply this method to a multi-scale problem, but it can
also be used for cases when there are different physical processes involved. An example
is a cluster in which some stars have a disk of material around them, where gravity and
hydrodynamics have to be coupled. A more detailed description of Bridge can be found
in Fujii et al. (2007); Portegies Zwart et al. (2013).

The fundamental idea of Bridge is that a system is divided into different parts; in
our case a parent and a child, which are then integrated separately. After a certain time
(Atp), the acceleration caused by one of the parts onto the other is calculated and used
to modify the velocity of each particle. Then the different parts are evolved individually
and the process is repeated until a final time is reached.

Although Bridge can be useful for multiple applications, in many cases we find that
one particle should be included in the integration of both parts. This application is not
implemented in the classic Bridge method. To solve that, we develop an inclusive
Bridge, or iBridge, in which one particle is common to both the parent and child. In
this case, in addition to exchanging information about the potential between parts, we use
Bridge to update the state of the common particle. In Figure 5.1 we see the iBridge
method for a cluster of stars in which one star has a planetary system. We divide the
system into a parent and a child: the star cluster and the star with the planetary system,
respectively. Then, we calculate the potential of the cluster on the planetary system and
use it to update the velocities of the planets and the central star. We then evolve the
planetary system using the adopted integrator for a time Atp and update the state of the
common particle in the cluster. For the next step, we ignore the effect of the planets on
the star cluster, and proceed to evolve (drift) the start cluster for a time Atp. Finally, we
use the latest state of the star cluster to update the particles in the planetary system by
drifting its center of mass. This process is repeated until a final time or maximum number
of steps is reached.
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Figure 5.1: Schematic of the inclusive Bridge method as developed for this application.
The system is divided into two parts: a star cluster and a planetary system, with one star being
common for both parts. The acceleration caused by the cluster on the planetary system is calculated
and used to update the velocities of the bodies in the planetary system. Then the planets and central
star are evolved and the state of the central star in the cluster is updated with that of the planetary
system. Afterwards, the cluster is evolved and the state of the center of mass of the planetary system
is updated using the latest cluster information. This process is repeated at every step.
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In Figure 5.2, we show a comparison of iBridge against Bridge as it is imple-
mented in AMUSE, and direct integration, i.e., integrating the entire system with a dedi-
cated numerical integrator. iBridge outperforms the regular Bridge in accuracy by
orders of magnitude. Nevertheless, both generate energy errors orders of magnitude larger
than direct integration. The error in both Bridge methods compared to direct integration
partly results from them being 2nd-order coupling strategies against a 4th-order direct in-
tegrator. Additionally, the Bridge methods assume that the system is perfectly separable
at all times. We will discuss the advantages and shortcomings of using this method com-
pared to some more complex ones in Section 5.6. The error difference is also partially
derived from the Bridge time step not adapting to the needs of the problem, whereas
the direct integrator includes an adaptable time-stepping strategy. We aim to implement a
similar strategy for iBridge using RL.

The advantage of Bridge and iBridge with respect to direct integration is the
possibility of using several integrators independently for each part. Bridge is a strat-
egy aimed at reducing the computation time in systems with different scales or multiple
physical processes. This advantage is mostly relevant in systems with large N. As a conse-
quence, in Figure 5.2 it is not possible to see an improvement of the computation time for
the Bridge methods as the number of bodies is not large enough. This results in better
computation times with direct integration than with both Bridge implementations (see
Portegies Zwart et al. (2020)). In Figure 5.20 from Section 5.6, we perform a more de-
tailed study of the performance of 1Bridge compared to direct integration for different
numbers of bodies. Although the goal of using approximate methods is to simulate sys-
tems with large N, for the purpose of this work, we limit ourselves to N between 5 and 15
to speed up the calculations. Additionally, this comparison is not fair as the code for the
Bridge methods has not been optimized for speed (they are implemented in Python),
in contrast to the code for the direct integrator.

5.2.2 [Experimental setup

We take a simplified example of a star cluster with a small number of stars (between 5
and 20) and place a planetary system around one of those stars. Note that only the effect
of Newtonian gravity is taken into consideration. The masses of the stars are chosen
following a power-law (Salpeter (1955)) distribution and the cluster is initialized using a
fractal cluster model (Goodwin & Whitworth (2004)) with the values indicated in Table
5.1. Then, the last star is chosen as the common one between the parent and the child,
and a planetary system is initialized around it assuming an oligarchical planetary growth
(Tremaine (2015); Kokubo & Ida (2002)).

The child and parent are evolved with different integrators. Hermite (Makino &
Aarseth (1992)), Ph4, and Brutus (Boekholt & Portegies Zwart (2015b)) are integrators
that are commonly used in these cases. For the integration of the equations of motion of
the stars in the cluster we use Ph4 as it is implemented in AMUSE (Portegies Zwart &
McMillan (2018)). This is a direct integration code with internal calculation of the time
step for each particle. For the planetary system, we use Huayno (Jines et al. (2014)),
an integrator derived from 2nd order Hamiltonian splitting for N-body dynamics, which
makes it well suited for the integration of planetary systems. Each code is initialized with
a time-step parameter (1) as indicated in Table 5.1, which scales the internally-calculated
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Table 5.1: Initial conditions and integration settings of a cluster with one planetary system orbiting
one of the stars.

STAR CLUSTER INTEGRATION

NUMBER OF STARS [5-20] CLUSTER CODE PH4
MASS RANGE OF THE STARS  [1, 100] Mgyp CLUSTER CODE n¢ 1072
RADIUS OF THE CLUSTER 0.1 PARSEC PLANETARY SYSTEM CODE HUAYNO
VIRIAL RATIO 0.5 PLANETARY SYSTEM CODE np 1072
FRACTAL DIMENSION 1.6 CHECK STEP SIZE 102 Myr

PLANETARY SYSTEM

INNER DISK RADIUS 10 AU
OUTER DISK RADIUS 100 AU
DISK MASS 0.02 Msun

time-step sizes. The state of the system is saved and the bridge time step re-evaluated
with a frequency determined by the check step size.
There are four main time steps involved in this setup:

* Time-step size of the cluster integration: this is the time step used for the inte-
gration of the star cluster. When using Ph4, this time step is calculated internally
and multiplied by a scaling parameter (1¢).

* Time-step size of the planetary system integration: this is the time-step used
for the integration of the planetary system. When using Huayno, this time step
is calculated internally and multiplied by a scaling parameter (np) which might be
different from 7¢ used for the cluster.

* Bridge time step Atpg: this is the time scale on which the parent and child ex-
change information. This means, how often the method calculates the acceleration
caused on one system by the other and updates the common particle. This time-step
size has to be selected at the start of the simulation. There is currently no imple-
mentation that automatically selects an optimum value for Atg; this selection is
done based on expert knowledge. This is the time step that we will determine using
RL.

* Check step size: time scale used to save the state of the system and apply the
reinforcement learning method. This means, after how much time the choice of the
bridge time step is re-evaluated.

Using the aforementioned initial conditions, we plot in Figure 5.3 four examples of the
integration of this system with 9 stars for seeds 1 to 4. The top row represents the evolution
of the positions of the bodies in the cluster. The second row shows the evolution of the
planetary system. The stars are represented by a circle and the planets by an “x”. This
system experiences large differences in its evolution depending on the initial conditions
and time step used for its integration. As a result, the optimal bridge time-step size is
different depending on the initial realization. Additionally, since the conditions change
quickly in time, the optimal time-step size will also vary during the simulation.



CHAPTER 5 103

e Particle S, Particle S, e Particle 57 x  Particle Py
e Particle S; e Particle Ss e Particle Sg x  Particle P,
e Particle S3 e Particle Sg e Particle Sg x  Particle P3
Seed 1 Seed 2 Seed 3 Seed 4
15000 {-
. . 20000 50000 ]
20000 H
10000
10000 40000
5000 0 30000
— — o — —_
> o > > >
2 Bl 2 3 20000
& £ -10000 E < 50000 s
> —5000 > t & > > 10000
~20000 . v
~10000 Pl ~40000 4 0
~30000 ) {
—15000 H -10000
—40000 H — J
20000 60000
~100000 0 —25000 0 25000 50000 —-20000 0O 20000
X (au) X (au) X (au)
40
« 60 e 01 % 60 e o
x x
X x 40{ x 40 X xx 40
20 x x x x
X X
_ By _ 20 % _ 20 * e T 27 X
5 x WL x E} % % > 8R4 X ) 5% H
COR P T I I O LI - O ] i I [ (O
> X x % > " % > X x 3 > 3 *% ¥
N % e -20 Koyt H 201 # ‘&“xg ¢ -201 % Mo
—201" x 20 w0l * x .
x - -40 x =
Rye 2 x & % x| x,g"r
a0 X x —60 & —60 x % x -60 Moonc
-20 0 20 40 -50 0 50 -50 0 50 -50 0 50
X (au) X (au) X (au) X (au)

Figure 5.3: Initializations for Seeds 1 to 4 run for 40 steps (0.4 Myr) with a Bridge time-step of
5 x 1075 Myr. The setup is formed by 9 stars and 3 planets.

5.2.3 Energy error

This system is fundamentally chaotic. As a consequence, small changes in the simulation
may lead to large differences in the evolution of the system. In many experiments, it is
common to use an accurate simulation as a baseline to compare new methods based on the
state of the system at different moments. However, for the long-term evolution of chaotic
systems, this becomes unfeasible; the dynamical evolution will unavoidably diverge from
the baseline. In these cases, the only method to evaluate the accuracy of a simulation
is based on conservation laws. We use the energy error as an indication of accuracy. A
discussion on the limitations of this metric will follow in Section 5.6.

The total energy of the system is not perfectly conserved during the simulation. This
means that the use of numerical integrators leads to energy errors. The total energy is the
sum of the kinetic and potential energy of the system. We define the energy error as the
relative difference of the energy at time step ¢ and the initial time-step,

(BEri+Epi) — (Ero+ Epo) _Ei-IL

AFE; =
Ero+ Epo Ey

5.1

A large value of the energy error is an indication of unphysical solutions. We can
therefore understand the energy error as a measurement of accuracy, i.e., the validity of
our simulation.

5.2.4 Reinforcement Learning

We train a reinforcement learning (RL) method to estimate the optimal bridge time-step
size. We choose Deep Q-learning as our RL algorithm to maximize a reward value R
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Figure 5.4: Schematic of the interaction between the Environment and the Agent.

(Sutton & Barto (2018)). By supplying the algorithm with information from different as-
tronomical simulations, it learns to take actions that maximize the reward. We adopt the
specific implementation of Q-learning called Deep Q-networks (DQN) to allow for a con-
tinuous observation space (Mnih et al. (2015)). More information about Deep Q-learning
and the reasoning behind this choice can be found in Saz Ulibarrena & Portegies Zwart
(2024).

There are different elements interacting in the DQN method, as seen in Figure 5.4:

* Environment: the environment is composed of the astronomy simulations. The
data obtained from them is used to create a dataset of the states, rewards, and ac-
tions. The composition of the environment is as explained in Subsection 5.2.2 and
the astronomical simulations are initialized using random seeds during the training.

* Agent: the agent is the reinforcement learning algorithm that is trained to select the
actions. It is composed of two neural networks; namely the Q-net and the Target
net. The weights of the Q-net are updated at each training step, whereas the Target
net is only updated after an arbitrary number of steps. Both networks receive as
input the State (S) of the system generated by the environment and produce the
denominated Q-values associated with each possible action. Then, the action with
the largest Q-value is selected and used for the next step of the simulation. The
reward function is evaluated with values from the environment and is used as the
loss function to train the network.

To set up the agent, we have to select the hyperparameters of the neural networks
as well as other training parameters. The specific values chosen will be mentioned
in Subsection 5.3.2.

 State: the state is the representation of the environment that is used as an input to
the neural networks in the agent. It must be formed by values that are representative
of the physical state of the environment at a given time.

In Saz Ulibarrena & Portegies Zwart (2024), as in many studies dealing with neural
networks in the gravitational N-body problem, the state is chosen to be the cartesian
coordinates representing the positions and velocities of each particle of the system.
However, this leads to a fundamental problem: the input size is dependent on N,
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leading to limited extrapolation capabilities. To circumvent this problem, we define
the state (S) as

N-1
S= | Van , -—log,(AE) (5.2)

where vafl Vi, —n, 1s the gravitational potential of every star in the cluster (n;)
at the position of the common star (n.). The second term is the current energy error
of the simulation. This term is included to take into account that once the error
is at a certain value, it is not likely to be reduced by large amounts. It is there-
fore important for the RL algorithm to consider this to avoid incurring unnecessary
computational costs. A more detailed discussion on this remark can be found in
Saz Ulibarrena & Portegies Zwart (2024).

* Actions: the actions (A) are the possible values of a decision variable. The rein-
forcement learning algorithm is trained to select between these values to optimize
a reward function. The actions are taken from a finite-size array which contains the
value of the control variable associated with each action. Our decision variable is
the bridge time-step size. At each step, an action is chosen to determine the value
of Atp to be taken for the next steps of the simulation. The number of actions

selected as well as the minimum and maximum values are shown for each case in
Subsection 5.3.2.

* Reward function: the reward is the function to be optimized by reinforcement
learning. For the study at hand, we want to optimize accuracy and computation
time. Therefore, we design a function that balances both the energy error and the
computation time. We write this function as in Saz Ulibarrena & Portegies Zwart
(2024)

log, (JAE[/10710) 1

R=-W — + Wy,
Y logyo (JAE)? *log;o(A)

(5.3)

The first term corresponds to the energy error at a given step normalized by 10~ 1°
and divided by the cube of the energy error. The logarithm is used to linearize
the range of values in this term. The second term corresponds to the computation
time represented by the inverse of the time-step size. W o are the weights used to
balance these two terms. They are a design choice and the values used can be found
in Subsection 5.3.2. This reward function is specifically designed for the problem
of the simulation of a number of bodies interacting via their gravitational forces
(Saz Ulibarrena & Portegies Zwart (2024)).

5.3 Results

We show the results obtained from training the RL algorithm and its application to differ-
ent cases of the start cluster simulation.
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Figure 5.5: Energy error and computation time for the simulation of initializations with seeds 1 to
4 run for 40 steps (0.4 Myr) with different fixed 1Bridge time-step sizes. The time-step sizes are
indicated in the figure.

5.3.1 Validation of the results

There is no analytical solution to the problem of a group of bodies (/N > 2) interacting via
Newtonian gravity. Also, this problem is chaotic. This means that finding a baseline with
which to compare the results becomes challenging. Once the RL algorithm is trained, its
results can be compared with those obtained without the use of RL. However, different
values of the time step(s) may lead to radically different outcomes.

We perform a convergence study to further understand the effect of Atp on the accu-
racy and computation time. Additionally, we want to understand which range of values
should be used for the actions (A). To do so, we simulate the systems initialized with
seeds 1 to 4 (see Figure 5.3) for 40 steps using different values of Atp. We perform a
convergence study to find the value of At for which the energy error does not improve
further if being reduced but instead results in larger computation times. This definition
of convergence is different from that used for example in Boekholt & Portegies Zwart
(2015b) 2. There, a converged solution is achieved with arbitrary precision codes such as
Brutus.

We show the results in Figure 5.5. The value of Atp for which the simulation con-
verges depends on the initial realization. Some cases such as the one with seed 4 result
in the minimum value of Atp not being small enough to find convergence in the energy
error. However, for a case such as the one with seed 1, convergence is reached for rela-
tively large values of Atp. This study supports the idea that the optimal choice of time
step largely depends on the initial conditions.

Although it is difficult to get a clear conclusion about the range of values that should be
used for the given simulations, we can observe that in most cases convergence is reached
for time step sizes between 10~* and 10~° Myr. We therefore choose an intermediate
value of 5 x 10~° as the lowest limit for the RL actions. We can see that depending on
the simulation a time step size of 1072 Myr may yield large energy errors. We choose

2From Boekholt et al.: “A converged solution is a solution for which the first specified number of decimal
places of every phase-space coordinate in our final configuration in the N-body experiment becomes independent
of the length of the mantissa and the Bulirsch-Stoer tolerance”.
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Table 5.2: Training and simulation parameters.

NUMBER OF PLANETS VARIABLE
MAX STEPS PER EPISODE 40
AFE TOLERANCE 1 x 100
HIDDEN LAYERS 5
NEURONS PER LAYER 200
BATCH SIZE 125
TEST DATA SIZE 3
NUMBER OF ACTIONS 10
RANGE OF ACTIONS [5x 1072, 1072] MYR
W12 [50, 1]
IBRIDGE np 1.0

this value as the upper limit for the RL actions.

5.3.2 Training results

We have defined the environment in Subsection 5.2.2 and the RL method in Subsection
5.2.4. With that information and the settings in Table 5.2, we obtain the trained models.
We set the maximum number of integration steps to 40, which with a check step size of
102 Myr corresponds to a final time of 0.4 Myr. The number of planets depends on the
mass of the central star, and will therefore vary depending on the other settings.

In Table 5.2 we show the network architecture. Due to the large differences between
initial realizations, we had to find a baseline on which to calculate the reward during
the training. Therefore, we test the model at each episode on a fixed set of test cases
(Saz Ulibarrena & Portegies Zwart (2024)). We use 3 test cases. Ideally, this num-
ber should be increased for a better indication of the performance of the model at each
episode, but due to computational limitations, we choose to keep this number small. Note
that the model will be evaluated on a larger number of test cases after the training is com-
pleted. The actions is a discrete array of length 10 with values of At¢p that range from
5 x 107 to 1072 Myr. Similarly to the implementation in Hermite and Huayno, we
define a time-step parameter np for the iBridge that multiplies the value in the actions.
This value is set by default to 1. Finally, the weights for the reward function are shown
in Table 5.2 and chosen so that the first term in Equation 5.3 is 50 times larger than the
second term.

We start the training with a global search. In this case, we limit the number of stars
to 5 and keep a large value of the learning rate (as seen in the table in Figure 5.6) to
keep the computation cost low. We train for 500 episodes and evaluate the performance
of the models using the reward at each episode. In Figure 5.6, we present the results of
this global training. The rows in the figure represent the reward value, energy error, and
computation time for each episode. In blue we show the average value obtained from the
test cases, and in orange the standard deviation. We also show the total training time in
the top left corner. We mark in red the five episodes with the largest reward and choose
the best-performing model among those.

After the global training, the results are still not satisfactory and the average of the
reward oscillates. We therefore perform a local search (Figure 5.7) starting from the
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best performing model (model at episode 50 in Figure 5.6) for 50 episodes with a lower
learning rate. Then, we choose the best-performing model; i.e., the one at episode 27.

Training time: 1076 min
s

100 *}’H ”[“W“ P ‘ i HJ | Global search

A Number of stars 5

o 25

Z oo MMWWWMMMWN Max episodes 500

= 725 0 100 200 300 400 500 Learnlng rate 1 X 10_3
R Model chosen 50

0 100 200 300 400 500
Episode

Figure 5.6: Evolution of the average (blue) and standard deviation (orange) of different metrics of
the test dataset per episode of: the reward value (first row), the energy error (second row), and the
computation time (third row) for the global training. The top five performing models are shown in
the top row in red. A table is shown with the corresponding training and simulation parameters.
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Figure 5.7: Evolution of the average (blue) and standard deviation (orange) of different metrics
of the test dataset per episode of: the reward value (first row), the energy error (second row), and
the computation time (third row) for the local training performed after the global one. The top
five performing models are shown in the top row in red. A table is shown with the corresponding
training and simulation parameters.

We evaluate the performance of the chosen model. To do that, we run multiple simu-
lations using the trained model and compare the results with those without RL. Figure 5.8
shows a schematic representation of the plot that will be used for the statistical compari-
son of the performance. The runs with different fixed At ideally form a Pareto front that
ranges from the cases with large computation time requirements and small energy errors
(right of the plot) to the ones with small computation times and large errors (left of the
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plot). This Pareto front represents the best performance that can be achieved with fixed
time-step sizes. Results below the curve represent better-performing cases compared to
the fixed Atp cases. We aim to obtain a method that is located on the Pareto front (to
eliminate the expert knowledge) or below (to also obtain better-performing methods).

Fixed
AtBridge

Pareto front

log 10(‘AETnml|>

Y

Optim[jm region

Figure 5.8: Schematic representation of the comparison of fixed Atp with the RL method.

In Figure 5.9, we show the average and standard deviation in computation time and
energy error for 10 initializations run for 0.4 Myr. We compare the results of the RL model
at episode 27 (RL-27) to those with fixed Atg. We do that for 5, 9, and 15 stars. The
actual energy errors obtained for each of the runs are shown as points but for simplicity,
the computation time associated is ignored in the plot. An optimum value balances energy
error (y-axis) and computation time (x-axis). We show the Pareto front as a line joining
the mean value of the fixed time-step cases. We observe that the trained model does not
present an advantage over the fixed time-step cases for N = 5, 15.

Some samples in the plots are filled, whereas others are not. The unfilled samples
represent those cases in which the planets escaped the planetary system. In that situation,
Bridge methods are no longer valid. An in-depth discussion is presented in Subsection
5.3.3.
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Figure 5.9: Average and standard deviation of the energy error and computation time for 10 differ-
ent initializations run for 0.4 Myr. The results of the RL-27 model are compared to those of fixed
Atp. The results of the RL model are unsatisfactory.
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To solve this performance issue, we further train the network including simulations
with variable NV and a lower learning rate. The results of the training are shown in Figure
5.10. We choose the model at episode 173 and compare the results in Figure 5.11. We
see the improvement in performance achieved by the RL-173 model. For N = 5,9, our
model results in both an improvement in energy error and computation time with respect
to the fixed times-step cases. For N = 15, the results become harder to interpret as
for some cases with fixed A¢p, most samples involve escaped planets (represented by
unfilled markers). Nevertheless, the algorithm achieves a comparable performance to the
cases with fixed Atg and results in fewer cases with escaped planets.

Training time: 400 min

I i At
-0 LI Local search 2
0 25 50 75 100 125 150 175

Number of stars [5-20]

T 25

3o Iyt synd f AAA AP Max episodes 200
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Figure 5.10: Evolution of the average (blue) and standard deviation (orange) of different metrics
of the test dataset per episode of: the reward value (first row), the energy error (second row), and
the computation time (third row) for the local training for different bodies. The top five performing
models are shown in the top row in red. A table is shown with the corresponding training and
simulation parameters.

We have shown that our model performs as well, or better, than the best-performing
fixed Atp case. When initializing a simulation, it is common to use the default values for
At p which generally leads to suboptimal results. Our method allows the achievement of
optimal performance in terms of computational time and accuracy without the need for
expert knowledge or a convergence study.

5.3.3 Integration results

To better understand the performance and extrapolation capabilities of model RL-173, we
perform multiple experiments.

We show the individual behavior of the model for initializations with seed 4 (Figure
5.12 (a)) and seed 2 (Figure 5.12 (b)) with different numbers of stars. The top row rep-
resents the position of the bodies in the star cluster. The left column shows the evolution
using the RL model and the right one the results with the best-performing model with
fixed Atp. The second row presents the evolution of the planetary system around the
central star. The third row is the distance from each star to the one with the planetary
system, which contains information about close encounters. The fourth row is the actions



CHAPTER 5 111

10910(|AErotall)
10g10(|AErotall)
10g10(|AEotall)

_s5 R .
25 50 75 100 25 50 75 100 25 50 75 100
Teomp () Teomp () Teomp (s)
-+ RL-173  —@+ Aty = 5.0E-05 @ Aty = 1.6E-04 - Atg = 9.5E-04 &~ Atg = 1.0E-02

Figure 5.11: Average and standard deviation of the energy error and computation time for 10
different initializations run for 0.4 Myr. The results of the RL-173 model are compared to those of
fixed Atgp.

taken by the RL model at each step. Finally, the last two rows represent the energy error
and computation time of each integration case (RL model and several fixed Atp).

We see in Figure 5.12 (a) that there is only one close encounter, and that the RL
model recognizes it and selects a more restrictive action (smaller time step). After the
close encounter, the stars move further away from each other, and the model chooses a
less restrictive action, saving computation time. In Figure 5.12 (b), we see a case for
9 stars. We recognize two or three close encounters and see that the RL model adapts
accordingly. Finally, it achieves an energy error on the lowest range compared to the
fixed Atp cases without incurring large computation times.

In Figure 5.13, we see two other examples. Figure 5.13 (a), shows an example with 15
bodies without any close encounters. In this case, the algorithm learns to keep a constant
action which represents a balance between energy error and computation time. In contrast,
in Figure 5.13 (b), the model recognizes close encounters and adapts the otherwise large
actions, obtaining an energy error that is smaller than most of the other fixed Atp cases
with a very low computation time.

In Figures 5.12 and 5.13, we observe sudden jumps in the energy error for certain
cases. To understand these jumps, we plot in Figure 5.14 the evolution of the distance
between each planet and the central star. We do this for the same scenarios as in Figures
5.12 (b) and 5.13 (b). Additionally, we present the semi-major axis and eccentricity values
for a better understanding of the dynamical evolution of the planetary system. We observe
how the jumps in energy error correspond to the distance of a planet to the central star
increasing radically. Similarly, it can be observed in these cases that the eccentricity of
the orbit of the planet also increases. The most common scenario is the outermost planet
(Planet 3) suddenly changing its orbit when a nearby star perturbs it.

We show in Figure 5.14 that the jumps in energy error correspond to the planets mov-
ing further away from their central star. It is unclear whether the jump in energy error is
caused by the change in the orbit of the planets or vice-versa. We observe that the use of
reinforcement learning helps to prevent the planets from escaping (see unfilled markers
in Figure 5.11). This may indicate that the planets escaping are a consequence of a large
energy error during close encounters. An interesting discussion can be derived from this
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Figure 5.12: Comparison of fixed Atp to our RL model for 40 time steps (0.4 Myr). We present
the trajectory in Cartesian coordinates of the star cluster (top-row panels) and the planetary system
(second-row panels), the distance between each star to the one containing the planetary system (third
row), the actions taken by the RL algorithm (fourth row), the energy error at each time step for each
study case (fifth row), and the computation time for each study case (last row), for initializations
with seed 4 (a) and seed 2 (b).

observation. The Bridge methods assume that the system can be separated into different
parts. However, this assumption may not hold true at certain moments of the simulation.
When one planet becomes unbound or increases the distance to the central star, to keep
the energy error bound, the planet should be integrated as part of the same N-body code
as the star cluster. Also, if a star from the cluster moves close to the planetary system,
those should be integrated together and Br i dge becomes no longer valid. More complex
coupling algorithms such as Nemesis (Portegies Zwart et al. (2020)) include this option
in their implementation. We leave this addition to future works.

This situation can also be mitigated when using Br i dge methods by further reducing
the bridge time step to adapt to the needs of the problem. This may lead to impractically
small time-step sizes and large computation times. In our method, we set lower and upper
limits for the values of the bridge time step (i.e., for the actions) to avoid extreme values
of At B-
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Figure 5.13: Comparison of fixed Atp to our RL model for 40 time steps (0.4 Myr). We present
the trajectory in Cartesian coordinates of the star cluster (top-row panels) and the planetary system
(second-row panels), the distance between each star to the one containing the planetary system
(third row), the actions taken by the RL algorithm (fourth row), the energy error at each time step
for each study case (fifth row), and the computation time for each study case (last row), for two
initializations with seeds 3 (a) and 4 (b).

5.4 Experiments

We have seen that the trained RL model manages to achieve results that are better than
those with fixed Atg. Those results were obtained with conditions similar to those used
to train the model. Therefore, we want to understand its performance when applied to
different scenarios. To do that, we carry out experiments in which we modify the final
integration time, the integrators used, and the bridge time-step parameter.

5.4.1 Number of bodies

In Figure 5.9, we showed a comparison of the performance of the RL model for 10 dif-
ferent initializations for three cases of N. We use this plot as a baseline with which to
compare the other experiments.
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Figure 5.14: Comparison of fixed At to our RL model for 40 time steps (0.4 Myr). We present
the energy error (top row), the time evolution of the distance of each planet to their central star (left
panels), and the evolution of the semi-major axis (a) against the eccentricity (e) (right panels) for
each planet with seeds 2 (a) and 4 (b).

5.4.2 Long term integration

The model is trained on simulations that were run for 0.4 Myr. We study the performance
of the trained model on longer integration times to understand the possible use of our
method for long-term simulations.

In Figure 5.15, we show two examples of the simulation with seeds 1 (a) and 2 (b)
with different numbers of bodies. We observe here that the model is still able to identify
close encounters and chooses more restrictive actions to keep the energy constant and
small. We can see in Figure 5.15 (a) that the energy error achieved is systematically
smaller than with the most accurate fixed A¢p case while the computation cost remains
small. In Figure 5.15 (b), we see a case without pronounced close encounters, but where
some cases experience a jump in energy error at ¢ ~ 0.7 Myr. Making a mistake in the
choice of time-step size can lead to sudden changes in energy error. The RL algorithm
can keep the energy error small for longer than other cases shown, but at ¢ ~ 0.8 it still
experiences a jump.

For long-term integration, it is essential to avoid mistakes in the choice of the time
step. A wrong choice in the action by the RL model can result in a long simulation being
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Figure 5.15: Comparison of fixed Atp to our RL and H-RL models for 100 time steps (1 Myr). We
present the trajectory in Cartesian coordinates of the star cluster (top-row panels) and the planetary
system (second-row panels), the distance between each star to the one containing the planetary
system (third row), the actions taken by the RL algorithm (fourth row), the energy error at each
time step for each study case (fifth row), and the computation time for each study case (last row),
for two initializations with Seeds 1 and 2.

inaccurate and therefore unusable. To prevent this, we propose a method that can identify
jumps in energy error and adapt the action accordingly to correct for a wrong choice
of time step. A similar idea was shown in Saz Ulibarrena et al. (2024). We evaluate
the energy error with respect to the previous step. If this relative error is larger than a
predetermined value, we repeat the integration step with a time-step size that corresponds
to a smaller action or, if we were already at the smaller action, reduce the time-step to half
its size. This process can be repeated until the energy error falls within the desired limits.
We choose a maximum number of 4 iterations to avoid incurring too large computation
time. The error tolerance is defined as
Atp
Atp = - for  log,o(AE;) —logyo(AE;—1) > 0.3. (5.4)
The results obtained with this method, denominated as H-RL (for Hybrid-RL) are
included in Figure 5.15. The hybrid implementation manages to prevent jumps in energy
error. In the fourth row, we show the actions taken by the H-RL method, and also at



116 5.4. EXPERIMENTS

which steps the hybrid method was activated (according to Equation 5.4) and the number
of iterations it performed to lower the energy error below the threshold. The H-RL method
results in energy errors orders of magnitude smaller than the best result without incurring
much additional computation time (Figure 5.15 (a)). For the cases where the RL method
experienced a jump in energy error (5.15 (b)), the hybrid method prevents this jump,
leading to a final energy error that is on the order of the most accurate results of the fixed
time-step cases.

In Figure 5.16, we present the statistical analysis for the integration up to 1 Myr,
including the RL and the H-RL results. We find that for N = 5,9, and 15, the RL
model results in a similar performance to that of the fixed time-step cases. The mean
value appears over the Pareto front as the use of RL helps to prevent the cases in which
planets escape. In most cases of fixed Atp, the values with a larger energy error have
been discarded as they involve escaping planets. This results in the mean energy error
displayed in the plots being smaller than with RL. The H-RL case further reduces the
final energy error at the cost of some computation time and leads to unequivocally better
performance for N = 9. For N = 5, 15, the results with H-RL are comparable to those
with fixed time-step size but with a larger standard deviation in computation time. This
represents an improvement in computation time with respect to the fixed-step cases for
similar values of the energy error.

N=5 N=9 N=15
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Figure 5.16: Average and standard deviation of the energy error and computation time for 10
different initializations run for 1 Myr. The results of the RL-173 and the H-RL-173 models are
compared to those of fixed At .

This hybrid method is especially relevant for long-term integration as an increase in
the energy error is rarely reversible. For the purpose of simplicity, we will not include the
hybrid integrator results in the following experiments.

5.4.3 Application of a time-step parameter

A time-step parameter (77) is used in integrators such as Hermite and Huayno to scale
the size of the time steps to allow to make the simulations faster (large 77) or more accurate
(small n). We implement a similar feature to scale the values of Atp. In Figure 5.17, we
show that the performance does not decrease by scaling the actions by 10~2. For all cases,
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the RL method performs better, or similarly, to the fixed-size cases. We observe here that
scaling Atp also results in fewer samples with escaping planets.
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Figure 5.17: Average and standard deviation of the energy error and computation time for 10
different initializations run for 0.4 Myr. The results of the RL-173 model are compared to those of
fixed Atp. The time-step parameter is changed to 1072,

5.4.4 Numerical integrators

One of the main limitations of reinforcement learning methods is their difficulty extrapo-
lating to different setups. Therefore, we want to understand whether our trained model is
independent of the choice of integrators for the parent and child. We replace the cluster
integrator with Hermite and the planetary system integrator with Ph4.
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Figure 5.18: Average and standard deviation of the energy error and computation time for 10
different initializations run for 0.4 Myr. The results of the RL-173 model are compared to those of
fixed Atp. The numerical integrators used in this case are different from those used for training.

We can see in Figure 5.18 how the performance of the RL model remains comparable
to the baseline case. It achieves better results than the fixed cases for N = 5,15. For
N =9, the average for the RL method is located approximately on the Pareto front,
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which means that the results perform similarly to the fixed time-step cases. For N = 15
we again encounter a large number of samples with escaping planets, which were not
included in the calculation of the mean and standard deviations.

5.5 Star cluster simulation using Tree codes

We have tested our RL and H-RL methods on simulations using direct integrators for
the parent and the child and a small N. To further test the general applicability of the
RL-iBridge methods, we simulate a system with N = 1,000 and a Barnes-Hut Tree
integrator (Barnes & Hut (1986)) for the integration of the star cluster. We integrate the
system for 1 Myr and initial seed 2.

We find that RL-173 is capable of identifying close encounters and adapting the ac-
tions accordingly. The H-RL method further reduces the energy error at the cost of com-
putation time. Both methods achieve results that balance accuracy and computation time
without the need for expert knowledge.

5.6 Discussion and conclusions

We have trained a reinforcement learning algorithm to automatically find an optimum
value for the coupling integration time-step size of a planetary system in a star cluster. In
doing so, we have eliminated the need for expert knowledge and experimentation needed
to set up a simulation with an adequate value of Atp, therefore saving time and com-
putational resources. Our method balances energy error (i.e., accuracy) and computation
time, and finds results that are better, or in the worst cases similar, to the best-performing
cases of fixed Atg. Additionally, our method automatically varies the value of Atg dy-
namically to adapt to the needs of the simulation, which is essential in problems with
fast-changing conditions.

The performance of our RL method is better than with any of the fixed Atp cases. For
long integration times, none of the cases with fixed time-step achieved good accuracy. At
some point during the integration, due to a close encounter, the time-step size would need
to be smaller than the lower limit selected for the bridge time step, which led to sudden
increases in the energy error. Adapting the time step dynamically using RL helped to
maintain the energy error constant for longer periods of time. However, in some cases,
the jumps in energy error also appeared with the RL method. Therefore, we implemented
a hybrid method that identifies sudden changes in energy error and recursively reduces
the time-step size at a given step until the change in energy error is below a predefined
limit. The results are very similar to those of the RL when there was no sudden increase
in energy error, but the hybrid implementation prevents those without a major increase in
computation time. In many cases (see Figure 5.15), this hybrid method led to an accuracy
that was orders of magnitude better than the best-performing option of fixed time-step
size. This method represents a robust solution for long-term integration and can be used
for astronomical simulations to improve their performance and accuracy without requiring
expert knowledge.

In this work, we have made some assumptions. First of all, we are using energy error
as the main measurement of accuracy. A small energy error is an indication of the method



CHAPTER 5 119

RL-173
_ 250
=3
3 o0
> _250
—400 ~200 ) 200 400
X (1000x au)
7 X
50 J 25 3o X 30T X g
e 5 5 *
X,
& o0 & off £ o:) j
ke o0
> R > 3
-50 S -25 " mox , x x 2
-=50 0 50 -20 0 20
x (1000 x au) x (au)

|Fx = Ts| (au)

f=
% 9: 1E-02
+ 6: 2E-03
S 3:3E-04
=
& 0: 5E-05
4x107t
E
ﬁ 3x107?
2x 107!
— 103
)
g
s 10!
S
0.0 0.2 0.4 0.6 0.8 1.0
Time (Myr)
— RL-173 —-— 2:Atg=1.6E-04 —-— 7:Atg=3.1E-03
—— H-RL-173 5: Aty = 9.5E-04  —-— 9: Atg = 1.0E-02

0: Atg = 5.0E-05

Figure 5.19: Comparison of fixed Atp to our RL model for 100 time steps (1 Myr). We present
the trajectory in Cartesian coordinates of the star cluster (top-row panel), a close-up view of the star
cluster evolution (second row, left panel), and the trajectory of the planetary system (second-row,
right panel). The distance between each star to the one containing the planetary system is shown
in the third row, the actions taken by the RL algorithm in the fourth row, the energy error at each
time step for each study case in the fifth row, and the computation time for each study case in the
last row. The simulation is run for Seed 1 for two initializations with Seeds 1 and 2 and BHTree
integrator for the star cluster evolution.

adhering to the physical laws but does not ensure that the dynamics of individual bodies
are correct. We show a convergence study based on the energy error because convergence
based on the dynamics is not possible in a chaotic problem (Boekholt & Portegies Zwart
(2015b)): changes in the time step can lead to a different realization (Trani et al. (2024)). It
is however important to take into consideration that the energy error becomes less reliable
as a measurement of accuracy as the number of bodies increases.

We have shown how the performance of our method compares to that of the fixed
At p cases using the mean and standard deviation of the accuracy and computation time
for 10 initializations. We observe that different initial realizations result in large ranges
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of performance even with the same choice of integration settings. In chaotic problems,
a change in the time-step size can lead to divergence in the dynamical behavior of a
system. It is therefore important to focus the analysis of the performance of a method on
statistical results, rather than on a direct comparison of the dynamical evolution. For the
same reason, it is not trivial to find a baseline with which to compare the results. There
is currently no implementation to choose or dynamically adapt the time-step size of the
Bridge method. We compare our results with the most accurate case of fixed-time step
size, but this does not always result in a good performance itself. Actually, our method is
currently the best-performing solution.

The Bridge methods are valid as long as the system simulated is separable. We
see for example in Figures 5.11, 5.17, and 5.18, that simulations with large energy errors
appear for all cases of Atp. We identify those as situations in which at least one planet
has escaped the planetary system (e > 1). When planets become unbound or a star
from the cluster crosses the planetary system, the bodies involved should be integrated
together to avoid large energy errors. More advanced coupling methods such as Nemesis
(Portegies Zwart et al. (2020)) allow the bodies to be integrated as part of the parent or the
child at different moments of the integration to adapt to the needs of the problem. This
solution is not available for the Bridge methods. When using Bridge and iBridge,
this problem can be mitigated by using smaller bridge time steps during close encounters.
However, correctly capturing this interaction may require smaller time-step sizes than
the minimum limit chosen for this problem (see Table 5.2). Therefore, we see a slight
improvement in these cases when using the hybrid RL method. In this study, we have
chosen a maximum of 4 hybrid-method iterations when reducing the time-step size at
each step. Increasing the number of iterations will lead to better accuracies, at the cost
of computation time. This means that the H-RL method (assuming an infinite number of
maximum iterations) has the capability of finding the right time-step size even in cases
with very close encounters between a star and the planetary system.

We have performed our studies for a small number of bodies (5 to 15 stars). To better
understand the advantages of the Bridge methods compared to direct integration, we
plot in Figure 5.20 the accuracy (final energy error) and computation time as a function
of the number of stars in the cluster. The computation cost of direct integration scales
quadratically with the number of bodies. For N < 200, direct integration performs better
than the Bridge methods both in terms of energy error and computation time. However,
for N > 200, the energy error grows and the computation time is almost twice as ex-
pensive as with iBridge. We plot four cases of iBridge. The first one is iBridge
with fixed time-step size. Secondly, we use the hybrid strategy in this fixed time-step size
case. Then, we plot the 1Bridge method with the RL implementation that selects the
time-step size. Finally, we show the hybrid RL iBridge method. We observe how as N
increases, the hybrid method tends to reduce the energy error compared to the non-hybrid
case. RL also leads to smaller energy errors than with fixed At . Regarding computation
time, we see that the fixed Atp case of iBridge requires larger computation times than
with RL for N = 200. However, all cases of the iBridge led to lower computation
times than direct integration as the number of bodies increased. The results shown in
Figure 5.20 are based on one initialization with seed 3 instead of statistical results based
on initializations with different seeds. We aim to observe the difference between direct
integration and the iBridge methods, but a more detailed comparison between them
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Figure 5.20: Comparison of the total energy error and computation time for an initialization with
seed 3 run 40 steps with 9 stars. We compare the results with direct integration, with our iBridge,
a hybrid implementation of the 1Bridge, and the cases with RL and H-RL.

would benefit from a larger sample size.

We have currently performed experiments for NV = 5,9, 15 and trained the RL algo-
rithm with clusters with up to 20 stars. Our trained method is independent of the num-
ber of stars in the cluster, which we demonstrate in Section 5.5 with an experiment for
N = 1,000.

The general nature of the method allows us to extrapolate to a large variety of systems.
The planets could be replaced with a central star surrounded by a protoplanetary disk or a
cloud of gas and the method would still be applicable without any changes in the method.
Also, the number of bodies can be scaled without the need for retraining, although the per-
formance might decrease as the setup diverges from the one used to train the RL method.
Future work should focus on understanding the extrapolation capabilities of the trained
model to a larger variety of star clusters. Additionally, we have not performed a hyper-
parameter optimization, which we believe could also improve the performances shown
here.

We have created a method that eliminates the need for the manual choice of the cou-
pling time-step size and changes it dynamically to adapt to problems with quick changes
in their dynamics. We have tested the method for different integrators, for the inclusion
of a time-step parameter to adapt the level of accuracy desired, and for long-term integra-
tion including our hybrid method. We demonstrated that the performance remains robust
despite these changes. We have implemented a hybrid method that makes the RL solution
robust against mistakes and results in more accurate simulations while optimizing compu-
tation time. This method can be applied to a variety of astrophysics simulations without
major changes to improve their performance.
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