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ABSTRACT

Simulating the evolution of the gravitational N -body problem becomes extremely com-
putationally expensive as N increases since the problem complexity scales quadratically
with the number of bodies. In order to alleviate this problem, we study the use of Arti-
ficial Neural Networks (ANNs) to replace expensive parts of the integration of planetary
systems. Neural networks that include physical knowledge have rapidly grown in popu-
larity in the last few years, although few attempts have been made to use them to speed
up the simulation of the motion of celestial bodies. For this purpose, we study the advan-
tages and limitations of using Hamiltonian Neural Networks to replace computationally
expensive parts of the numerical simulation of planetary systems, focusing on realistic
configurations found in astrophysics. We compare the results of the numerical integration
of a planetary system with asteroids with those obtained by a Hamiltonian Neural Net-
work and a conventional Deep Neural Network, with special attention to understanding
the challenges of this specific problem. Due to the non-linear nature of the gravitational
equations of motion, errors in the integration propagate, which may lead to divergence
from the reference solution. To increase the robustness of a method that uses neural net-
works, we propose a hybrid integrator that evaluates the prediction of the network and
replaces it with the numerical solution if considered inaccurate. Hamiltonian Neural Net-
works can make predictions that resemble the behavior of symplectic integrators but are
challenging to train and in our case fail when the inputs differ ∼7 orders of magnitude.
In contrast, Deep Neural Networks are easy to train but fail to conserve energy, leading to
fast divergence from the reference solution. The hybrid integrator designed to include the
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neural networks increases the reliability of the method and prevents large energy errors
without increasing the computing cost significantly. For the problem at hand, the use of
neural networks results in faster simulations when the number of asteroids is &70.

2.1 Introduction

Planetary systems are a special case of the gravitational N -body problem in which a
massive central star is orbited by multiple minor bodies, which include planets and aster-
oids among others. To model the evolution of planetary systems, it is necessary to know
the gravitational interaction between the different bodies, which can be calculated using
the equations derived by Newton Newton (1999). Unlike the calculation of the gravita-
tional force, the equations of motion can only be solved analytically for two bodies using
the relations derived by Kepler in 1609 Kepler (2015). This means that when the sys-
tem consists of three or more bodies, the equations need to be solved numerically with
what we call the integrator. Hermite Makino (1991) and Verlet Verlet (1967) integra-
tors are frequently used for solving the general N -body problem, whereas others such as
the Wisdom-Holman integrator Wisdom & Holman (1991) have been developed for the
specific case of planetary systems.

Currently, the study of the evolution of N -body systems is limited by the large com-
putational resources required to obtain an accurate1 solution Greengard (1990); Almojel
(2000). Newton’s equation of gravitation implies that the computational complexity of
the problem scales with N2. As a consequence, for multiple applications in astrophysics
such as the evolution of globular clusters or asteroids around a star Richardson et al.
(2009), the large number of bodies in the system is one of the main reasons for the high
computational cost.

Machine Learning (ML) is a tool with the potential to ameliorate this problem Cheval-
lier et al. (1998). Although the applications of ML, or more precisely Artificial Neural
Networks (ANNs), are scarce for the gravitationalN -body problem Tamayo et al. (2016);
Lalande & Trani (2022), ANNs have recently demonstrated their potential in other fields
Doupe et al. (2019); Basuchoudhary et al. (2017); Mansfield et al. (2020). We study the
efficiency of neural networks to replace computationally expensive parts of the integration
of N -body systems for astrophysics applications.

Some studies have been carried out to apply ANNs to the two- and three-body gravi-
tational problems to predict the future state of the system. For example, Breen et al. Breen
et al. (2020a) in 2020 designed a Deep Neural Network (DNN) to replace the integration
of the chaotic three-body problem. Their setup consists of three coplanar bodies of equal
mass, with a zero initial velocity, which state is propagated in time using the arbitrary
precise Brutus integrator developed by Boekholt and Portegies Zwart, 2015 Boekholt &
Portegies Zwart (2015). The ANN receives as inputs the state of the particles at initial
time t0 and the simulation time t. In this simplified approach, the network is able to cap-
ture the complex motions of the three bodies, at a fraction of the computational expense.

Since the introduction of Physics-Informed Neural Networks (PINNs) in 2019 Raissi
et al. (2019b), the popularity of neural networks with physics knowledge included has
grown rapidly Lu et al. (2021); Jin et al. (2020b). The claim is that the introduction of

1Accurate refers to solutions with low energy error.
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physical properties into the neural network allows for better predictions, better extrapo-
lation capabilities, and less training data. So far, PINNs have not been applied to astro-
physics problems. Following the idea of introducing physical knowledge into the neu-
ral network, Greydanus et al. Greydanus et al. (2019a) developed in 2019 Hamiltonian
Neural Networks (HNNs) to address Hamiltonian mechanics within the network’s archi-
tecture. To study the performance of their network, they use the gravitational two- and
three-body problems as test cases. For the two-body problem, Greydanus et al. found that
the HNN can predict the trajectories of the particles better than a baseline DNN. However,
for the three-body problem, both networks fail to predict the trajectories. An alternative
for HNNs was developed by Chen and Tao in 2021 Chen & Tao (2021), denominated as
Generating Function Neural Networks (GFNNs). They tested this approach on the two-
body problem with similar inputs as in Greydanus et al. Greydanus et al. (2019a). The
comparison with other types of neural networks such as HNNs and SympNets Jin et al.
(2020b) shows that GFNNs outperform the other methods for this particular test case. Al-
though the results of Greydanus et al. Greydanus et al. (2019a), and Chen and Tao Chen
& Tao (2021) are promising, both references take the two- and three-body problems as
test cases to demonstrate the performance of their neural networks. It is not yet certain
that the introduction of physics into the neural network represents an advantage for more
complicated problem configurations. For that reason, we study the advantages and dis-
advantages of HNNs when applied to more realistic astrophysics problems, in particular,
the orbital evolution of celestial bodies.

We study the use of neural networks for the integration of planetary systems formed
by two planets and up to 2,000 asteroids. Due to the popularity of physics-aware neural
networks, we compare the results of direct numerical integration with the predictions
of a network that includes physical knowledge (HNN) and a conventional Deep Neural
Network (DNN). In Subsection 2.2.3, we discuss the setup of a hybrid integrator that
uses the neural network but switches to direct numerical integration when the former
fails to produce sufficiently reliable answers. This method is faster than the classical
integration and more accurate than the neural network. In Section 2.3, we discuss the
hyperparameter selection and the training results of the neural networks. In Subsection
2.4.2, we find the improvement in performance by the neural networks in the form of
computation time as a function of the number of asteroids in the system, and in Subsection
2.4.3 we show the results of integrating a planetary system. The code is publicly available
at https://github.com/veronicasaz/PlanetarySystem_HNN.

2.2 Methodology

2.2.1 Numerical integration
We consider a system ofN point masses interacting only via their Newtonian gravitational
force. The gravitational force exerted on a body i, can be written as a function of mass
(m), position vector (~q), and the universal gravitational constant (G) as

mi
d2~qi
dt2

=

N−1∑
j=0, j 6=i

G
mimj

||~qij ||3
~qij , ~qij = ~qj − ~qi, (2.1)
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where the indices i and j denote the celestial bodies.

Knowing the acceleration vector, the state of the system can be evolved in time using
an integrator. Wisdom and Holman in 1991 Wisdom & Holman (1991) proposed a sym-
plectic integrator for systems in which one body is much more massive than the others. In
our case, we assume that the smaller bodies orbit this massive one and the barycenter of
the system is located approximately at the center of the massive body. The other bodies
orbit the barycenter in almost Keplerian trajectories.

The Hamiltonian of the system is given by

H =

N−1∑
i=0

||~pi||2
2mi

−G
N−2∑
i=0

mi

N−1∑
j=i+1

mj

||~qj − ~qi||
, (2.2)

where ~p represents the linear momentum vector.
For planetary systems, Equation (2.2) can be split into two parts. Due to the assump-

tion of the Sun being at the barycenter, i = 0 is excluded from the following equations.
The first one, the Keplerian part,

HKepler =

N−1∑
i=1

||~pi||2
2mi

−Gm0

N−1∑
j=1

mj

||~qj ||
, (2.3)

contains the terms related to the kinetic energy of the bodies and the potential energy
due to the central body (body 0). The second part called interactive part,

Hinter = −G
N−2∑
i=1

mi

N−1∑
j=i+1

mj

||~qj − ~qi||
, (2.4)

contains the terms with the potential energy due to the mutual interaction between the
orbiting bodies.

The Wisdom-Holman (WH) integrator first propagates the trajectory of the orbiting
bodies without taking their mutual interaction into account by performing a Keplerian
propagation around the central body. After that, the perturbing acceleration is calculated
and converted to a correction of the velocity.

Although Equations (2.3) and (2.4) are expressed in heliocentric coordinates for clar-
ity, WH’s integrator uses Jacobian coordinates for parts of its integration, as explained in
Wisdom and Holman Wisdom & Holman (1991).

The computing time of the Keplerian propagation scales linearly with the number of
bodies (N ) as seen in Equation (2.3). In contrast, the interactive part (Equation (2.4))
scales quadratically with the number of bodies. Therefore, it is interesting to find meth-
ods to speed up the latter. We use ANNs to replace the interactive part to speed up the
calculation of the mutual perturbations.

2.2.2 Neural Network surrogates
In examples such as Breen et al. Breen et al. (2020a) and Greydanus et al. Greydanus
et al. (2019a), a neural network is used to replace the integrator. However, this approach
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falls short for many astrophysics applications. For example, for the case of a planetary
system, the force exerted by the central body is orders of magnitude larger than the mutual
forces exerted by the orbiting bodies. If a neural network is used to predict the future
state of the system, it will fail to capture the smaller contributions of the planets. We
propose a method in which the neural network is integrated into the numerical integration
without losing information about the perturbations. We do so by calculating the Keplerian
Hamiltonian HKepler analytically and the interactive Hamiltonian using a neural network
Hinter.

For systems in which energy is conserved, Hamiltonian Neural Networks (HNNs)
constitute an attractive choice since the Hamiltonian of the system can be input as a phys-
ical constraint into its architecture. We therefore use HNNs to predict the interactive
part of Equation (2.2) similarly to the Neural Interacting Hamiltonian (NIH) designed by
Cai et al. Cai et al. (2021a). We study the advantages and disadvantages of HNNs by
comparing them to the numerical integration, which we consider the baseline, and to a
conventional Deep Neural Network (DNN).

An HNN Greydanus et al. (2019a) receives as inputs the position and linear momen-
tum of all the bodies in the system and outputs the Hamiltonian of the system. In Figure
2.1 we show a comparison of an uninformed neural network (DNN) and a HNN.

(a) (b)

Figure 2.1: Schematic of a a) Deep Neural Network and a b) Hamiltonian Neural Network that
predict the derivatives of the inputs with respect to time and the Hamiltonian of the system, respec-
tively. The inputs for both are the position and linear momentum of all objects in the system.

With the output of the HNN and automatic differentiation, the derivatives of the inputs
are calculated using Hamilton’s equations:

−∂H
∂~q

=
d~p

dt
,

∂H
∂~p

=
d~q

dt
. (2.5)

The derivatives are then used to compute the loss function during the training of the
network.

Unlike in Greydanus et al. Greydanus et al. (2019a), we use the neural networks
for the calculation of the interactive Hamiltonian as expressed in Equation (2.4). This
Hamiltonian is only a function of the masses and positions of the different bodies, and the
universal gravitational constant. This means that the neural networks from Figure 2.1 can
be simplified by eliminating the linear momentum from the inputs. Since the acceleration
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requires knowing the masses of the system, the inputs then become:

X = [m1, ~q1,m2, ~q2, ...,mN , ~qN ]. (2.6)

Similarly, the outputs of the DNN are now reduced to the derivatives of the linear momen-
tum with respect to time. By doing this, we achieve a substantial reduction in the number
of parameters of the network. We will explain whether the symplectic structure of the
integrator is conserved when using neural networks for the calculation of the interactive
Hamiltonian in Subsection 2.2.4.

Taking into account this modification of the set of inputs and outputs, the loss func-
tion L for the HNN is the difference between the acceleration calculated using Newton’s
equation and the one obtained from differentiating the output of the HNN using Equation
(2.5):

LHNN(θ) =
1

M

M∑
i=1

(
−∂Hpred

∂~q
− d~p

dt

)2

. (2.7)

In Equation (2.7), θ represents the trainable parameters of the network,Hpred is the output
of the HNN, and the gradients of H are obtained using automatic differentiation. M is
the number of samples for which the loss is being evaluated.

For the DNN, the inputs are the same as for the HNN and the derivatives of the inputs
with respect to time are the outputs of the neural network. Therefore, the loss function is
written as:

LDNN(θ) =
1

M

M∑
i=1

([
d~p

dt

]
pred
− d~p

dt

)2

. (2.8)

2.2.3 Hybrid numerical method
The use of neural networks to replace parts of the integration raises several challenges.
Firstly, neural networks cannot be expected to be as accurate as the numerical calculation:
the use of ANNs implies a loss in accuracy with the goal of improving computing speed.
Secondly, since integration is a repetitive process in which the output of one time step is
used as the input for the next one, errors propagate in time. In non-linear systems, this
may quickly lead to unphysical solutions. In previous research trying to solve theN -body
problem using neural networks, it is common to propagate over short time scales. This
implies that the accumulation of errors is not relevant, but does not constitute a realistic
case for astrophysics problems. To address this problem, we develop a hybrid method
in which the prediction of the neural network is evaluated and replaced by the numerical
solution if considered insufficiently accurate.

Evaluating the accuracy of the prediction is not straight-forward since we want to
avoid using Newton’s equation. Therefore, we use as a measurement of accuracy the fact
that accelerations should be fairly smooth in time. We evaluate the prediction of the net-
work by comparing it to the prediction of the previous time step. Since the perturbations
are expected to be rather smooth, we assume that a large difference between the accelera-
tion predicted by the network at time t0 + ∆t and the acceleration at t0 is an indication of
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either a poor prediction or a region with quick changes in the acceleration. In both cases,
it is beneficial to calculate those steps numerically instead of relying on the neural net-
work. Although accelerations are expected to vary smoothly in time, by using a numerical
time integrator we need to account for the discretization error when setting the tolerance
R for this smoothness criterion. From now on, we use the term “flag” when the prediction
of the network is not accepted. We calculate the acceleration ~a (t) at time t = t0 + ∆t by
numerical integration if

||~a (t0) − ~a (t)||
||~a (t0)||+ ε

> R. (2.9)

This criterion represents the relative difference between the previous acceleration and the
current one. The addition of ε = 1 × 10−11 prevents the denominator from becoming
zero. We adopt R = 0.3 to achieve an accurate reproduction of the trajectory whereas
higher values result in larger energy errors, as we show in 2.B. The value of R should be
chosen according to the specifications of the problem at hand. If computational speed is
more important than accuracy, higher values ofR could be chosen, whereas if the focus is
on accuracy,R should be smaller. A value of 0.3 represents a strict case in which ensuring
accuracy is considered more important than achieving a low computational cost.

In Figure 2.2 we show the schematic diagram of the hybrid WH integrator. At time
t0, the state of each body is propagated a time step ∆t, assuming that the particle is
on a Keplerian trajectory. Afterward, the neural network (fNN) calculates the perturbing
accelerations for the given inputs (X). This prediction is evaluated and if considered in-
sufficiently smooth according to the criterion defined in Equation (2.9), the accelerations
are recalculated analytically. The perturbing accelerations are then converted into correc-
tions in the velocity and the new state of the system is subsequently used as the starting
point for the next time step.

2.2.4 Symplecticity of the integrator

The original Wisdom-Holman integrator is a symplectic integrator Wisdom & Holman
(1991). Using a symplectic integrator is essential for long-term stability and energy con-
servation of Hamiltonian systems Hairer et al. (2006). Some attempts have been made to
conserve the symplectic structure of the integrator when using neural networks, such as
in Zhu et al. Zhu et al. (2020). When using neural networks as surrogates for the calcu-
lation of the interactive part in the new hybrid integrator, it is beneficial to have the same
symplectic structure as the original Wisdom-Holman integrator.

The first part in the hybrid Wisdom-Holman integrator is the Keplerian propagation,
which is the flow map of a Hamiltonian system and therefore a symplectic map. In the
second part, the linear momentum vector is updated with accelerations either calculated
by an ANN or using Newton’s equation for the interactive part. In this step, the positions
are always kept unchanged. If this update forms a symplectic map, the whole hybrid inte-
grator becomes symplectic since concatenations of symplectic maps are again symplectic.

The update of the linear momentum vector only depends on the positions and not on
the current momenta. So, the left-hand side of the symplectic condition
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Figure 2.2: Schematic of the hybrid Wisdom-Holman integration. The state of the system defined
by ~p and ~q is propagated as a Keplerian trajectory. Then the Neural Network predicts the mutual
perturbation between bodies. If the prediction is insufficiently smooth, the accelerations are calcu-
lated numerically using Equation (2.1). Finally, these accelerations are added as a change in linear
momentum (∆~p). This process is repeated in the next time steps.

JT~f

(
0 I
−I 0

)
J~f =

(
0 I
−I 0

)
(2.10)

of the Jacobian matrix J~f of a map ~f(~p, ~q) simplifies to

JT~f

(
0 I
−I 0

)
J~f =

 I 0

∆t

(
∂~a

∂~q

)T
I

( 0 I
−I 0

)I ∆t

(
∂~a

∂~q

)
0 I

 (2.11)

=

 I 0

∆t

(
∂~a

∂~q

)T
I

 0 I

−I −∆t

(
∂~a

∂~q

) (2.12)

=

 0 I

−I ∆t

((
∂~a

∂~q

)T
−
(
∂~a

∂~q

)) . (2.13)

This implies that the Jacobian matrix of the calculated accelerations
(
∂~a
∂~q

)
has to be sym-

metric.
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If the accelerations are calculated using Newton’s equation or using an HNN, they are
the gradient of a scalar function, the Hamiltonian. This means that the Jacobian matrix
of the accelerations is the Hessian matrix of the Hamiltonian, which is symmetric for
continuous second derivatives. However, if a DNN is used in the hybrid integrator, no
such statement can be made and the Jacobian matrix of the predicted accelerations can be
non-symmetric.

Therefore, we can expect the energy-preserving characteristics of symplectic integra-
tors to be present when using HNNs within the WH integrator but not when including
DNNs. This result is investigated numerically in Subsection 2.4.3.

2.2.5 Problem setup
We study two cases: the first one, Jupiter and Saturn orbiting the Sun, and the second one
with a large number of asteroids added to the first case, as illustrated in Figure 2.3.

(a) (b)

Figure 2.3: Schematic of the problem setup. (a) First study case with the Sun, Jupiter, and Saturn.
(b) Second study case with the Sun, Jupiter, Saturn, and asteroids located within Jupiter’s orbit.

For the first case in which only the Sun, Jupiter, and Saturn are studied (from now on
referred to as SJS), the Hamiltonian of the system is given by Equation (2.2) for N = 3
with the Sun as i = 0, Jupiter i = 1, and Saturn i = 2. The interactive part of the
Hamiltonian corresponds to the interaction between Jupiter (J) and Saturn (S):

Hinter = −G mJmS

||~qJ − ~qS ||
. (2.14)

In this case, only one operation suffices to calculate the interactive part, and as a
consequence, the use of ANNs will lead to a deceleration of the calculation. However,
this setup constitutes an interesting study case. We set up the network for the inputs (X)
to be the masses and positions of the two bodies and the output to be the Hamiltonian, as
explained in Subsection 2.2.2. Therefore, for the SJS case, the inputs are:

XSJS = [mJ , ~qJ ,mS , ~qS ]. (2.15)

In the second case (to which we refer as SJSa), we add Na asteroids in orbit around
the massive central body. The Hamiltonian can again be calculated for the star, the two
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planets, and the asteroids with N = 3 +Na. For example, when Na = 2, the interactive
Hamiltonian can be expressed as follows:

Hinter = −GmJmS

qJS
−Gm1mJ

q1J
−Gm1mS

q1S
−Gm2mJ

q2J
−Gm2mS

q2S
−Gm1m2

q12
, (2.16)

with q representing the magnitude of ~q. Because asteroids are orders of magnitude less
massive than the planets, it can be safely assumed that the mutual gravitational interaction
between asteroids is negligible, and we therefore neglect the last term in Equation (2.16).
We also assume that the effect of the asteroids on Jupiter and Saturn is negligible. In
contrast, the effect of the planets on the asteroids cannot be neglected. To set up a neural
network that predicts the perturbations on the asteroids due to the planets, we separate this
interactive Hamiltonian for each of the asteroids. For asteroids 1 and 2, their interactive
Hamiltonian is defined as:

H1 = −GmJmS

qJS
−Gm1mJ

q1J
−Gm1mS

q1S
, (2.17)

H2 = −GmJmS

qJS
−Gm2mJ

q2J
−Gm2mS

q2S
. (2.18)

We now set up the network such that the position and mass of each of the two asteroids
correspond to one set of inputs. Therefore:

XSJSa = [mJ , ~qJ ,mS , ~qS ,ma, ~qa], (2.19)

where the subindex a represents one of the Na asteroids. This choice of inputs allows
the size of the neural network to be independent of the number of asteroids in the system,
which implies that the same neural network can be used for any number of asteroids
without retraining.

2.3 Neural network results

In this section, we explain the creation of the training dataset, the choice of hyperparam-
eters, and the training results for the Hamiltonian Neural Network and the Deep Neural
Network.

2.3.1 Dataset
We generate training and test datasets for each of the two cases: SJS and SJSa. The ranges
of values can be found in Table 2.1 of 2.A. From these, the initial conditions are chosen
using Latin hypercube sampling Loh (1996) and the simulations are run until the end time
is reached. At each time step, the state of the system is saved as a training sample. Then,
we verify if the dataset created covers the entire search space, i.e., if there are samples in
the full range of true anomaly [0◦ − 360◦), which is displayed in Figure 2.4.

With the time step and the end time in 2.A, the number of training samples is 3,000,000.
We randomly choose a fraction of these for the training. On an AMD Ryzen 9 5900hs,
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Figure 2.4: Distribution of x and y positions of the Sun, Jupiter, Saturn, and the asteroids in the
training dataset.

it takes ∼80 min to generate this dataset. All experiments utilize this same computer
architecture.

The accelerations of the planets and asteroids differ by orders of magnitude, which
means that normalization of the training data is essential to train the network. However,
since HNNs have physics embedded into their architecture, we cannot normalize the in-
puts or outputs independently without breaking the physical constraints. For example,
re-scaling the inputs between 0 and 1 implies that the relation between different inputs
does not remain constant. The distributions of inputs and outputs have been included in
Figure 2.14 and Figure 2.15, respectively.

2.3.2 Architecture and training parameters
In order to make a fair comparison between the DNN and the HNN, the settings chosen
will be common for both of them unless otherwise stated. Each of the two cases studied
(SJS and SJSa) requires different neural network hyperparameters. For the SJS case, we
adopt a Mean Squared Error (MSE) loss function as indicated in Equation (2.7) for the
HNN and Equation (2.8) for the DNN. For SJSa, the accelerations of the different bodies
range multiple orders of magnitude, and therefore we implement a weighted MSE for the
loss function, i.e, the error in the predicted acceleration of each body is weighted. The
weights are applied to the losses defined in Equation(2.7) and Equation (2.8) as:

LNN(θ) = W1 La(θ) +W2 LS(θ) +W3 LJ(θ), (2.20)

where La, LS , and LJ represent the MSE loss for the accelerations of the asteroids, Sat-
urn, and Jupiter, respectively. We empirically find that weights of W1 = 100, W2 = 10,
and W3 = 1 produce the best results as these weight values relate to differences in orders
of magnitude of the accelerations of the bodies. These weights are only necessary due
to the impossibility of normalizing the inputs and outputs without breaking the physics



34 2.3. NEURAL NETWORK RESULTS

constraints of the HNN. Although normalization is possible with the DNN, we have used
the weighted loss function instead to get a fair comparison with the HNN.

For SJS, no hyperparameter optimization is carried out, but the architecture is chosen
manually instead. Both the DNN and the HNN have three layers, 200 neurons in the first
hidden layer and each hidden layer has 0.7 times the number of neurons of the previous
one. The learning rate follows an exponential decay, with an initial learning rate of 0.01,
a decay of 0.9, and 2× 105 steps. We use 150,000 samples with a proportion of 90/10 for
training and validation datasets, and 10,000 samples for the test dataset.

For SJSa, the training of the HNN is not straightforward. To find a suitable combina-
tion of parameters, we perform a hyperparameter optimization where the variables are the
number of training samples, number of layers, number of neurons per layer, and the learn-
ing rate parameters. We use a randomized grid search to explore different combinations
of those parameters and train ∼30 networks for 200 epochs. The results are presented in
Figure 2.5, where each simulation is plotted with the training loss along the x-axis and
the validation loss along the y-axis. The figure indicates that regardless of the choice of
parameters, the training and validation loss cannot be improved simultaneously to achieve
the desired accuracy during testing. Among the best solutions, we choose the network ar-
chitecture with three layers, 300 neurons per layer, and we use 250,000 samples for the
training dataset. The test dataset is chosen to consist of 10,000 samples. The learning rate
is chosen to follow an exponential decay schedule with an initial learning rate of 10−3,
800,000 steps, and a decay rate of 0.9. The same parameters are used for the DNN.

Figure 2.5: Results of the hyperparameter optimization for the Hamiltonian Neural Network. The
training loss is plotted against the validation loss. Each point represents one trained network during
the hyperparameter optimization. The points with the best training and validation loss are rep-
resented by blue and red squares, respectively, and their associated parameters are shown in the
legend.

Some of the most commonly used activation functions fail to capture the characteris-
tics of the problem. For example, the activation function has to take into account the large
dynamic range of the values of the problem. Therefore, we select the SymmetricLog
activation function,

f(x) = tanh(x)log(xtanh(x) + 1), (2.21)
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which was specifically designed for this problem by Cai et al. in 2021 Cai et al. (2021a),
together with a Glorot weight initialization Glorot & Bengio (2010).

This function behaves similarly to tanh close to zero, and like a logarithmic function
for larger values. Moreover, it is symmetric for positive and negative values, as seen in
Figure 2.6.

Figure 2.6: Comparison of activation functions. The SymmetricLog activation function was created
for this problem by Cai et al. Cai et al. (2021a).

2.3.3 Training results
Both the DNN and the HNN are trained using the Adam optimizer Kingma & Ba (2014)
for 2,000 epochs. For SJS, this takes ∼1.3 h and ∼2.3 h for the DNN and the HNN,
respectively, on the same computer as we used for the creation of the dataset. For SJSa,
the training time is ∼2.5 h and ∼5 h for the DNN and the HNN, respectively.

Once the networks have been trained, we check their accuracy by applying them to
the test dataset. For SJS, both the DNN and the HNN converge to a low loss value.
Figure 2.7 shows the prediction error for the accelerations obtained with each network.
Both networks produce accurate results when the accelerations are large as their output
is very close to the 45◦ zero-error line. The relative error grows as the value of the
acceleration decreases, since the absolute prediction error is in the order of 10−5. The
errors of the DNN are larger than those of the HNN and overestimate the accelerations
in the y-direction of Jupiter and in the x-direction of Saturn, and underestimate the y-
acceleration of Saturn. This asymmetry leads to a drift in the energy error, as we will
explain in Section 2.4. Due to the orbits being almost planar, the accelerations in the
z-direction are smaller than for the x- and y-direction, which in Figure 2.7 appears as a
larger dispersion of small values.

The hyperparameter optimization in Subsection 2.3.2 shows that we fail to train the
HNN for the SJSa case to a satisfactory loss value. Because of the large difference in
masses between the asteroids and the planets (∼7 orders of magnitude), when calculat-
ing the loss function, some of the gradients of the output with respect to the inputs are
required to be extremely large, whereas others have to be small. This leads to the training
process focusing on improving the predictions of the accelerations of the asteroids or the
planets and, after a certain loss value is achieved, improving one of these implies making
the others worse. As a solution, since we successfully trained a network that predicts
the accelerations of Jupiter and Saturn, we now train a network that solely predicts the
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Figure 2.7: Real against predicted values of the acceleration components for the case with the Sun,
Jupiter, and Saturn. The real value is compared to the one predicted by the Deep Neural Network
and the Hamiltonian Neural Network.

accelerations of the asteroids. We therefore train another HNN where we only include the
accelerations of the asteroids in the loss function, ignoring the predictions for Jupiter and
Saturn. These results are presented in Figure 2.8.

The DNN is trained with all the bodies in the loss function and can accurately predict
the accelerations but, similarly to the predictions for SJS depicted in Figure 2.7, makes
errors on the same side of the 45◦ zero-error line. The HNN trained for the three bodies
makes poor predictions for all the outputs, and the HNN trained only for the asteroids
predicts the accelerations for the asteroids accurately but (as expected since they are not
included in the loss function) fails to predict the accelerations for Jupiter and Saturn (Fig-
ure 2.8).

2.3.4 Selection of networks

For SJSa, the HNN fails to predict the accelerations of Jupiter, Saturn, and the asteroids
simultaneously. However, if the network is trained with the loss only accounting for
the prediction of the accelerations of the asteroids, it can predict these accurately as we
discussed in Subsection 2.3.3. For SJSa, we will therefore calculate the accelerations
using a combination of two networks: the predictions for Jupiter and Saturn with the
network trained for SJS (Figure 2.7), and the prediction for the asteroids with the network
that is only trained to predict the accelerations of the asteroids (orange markers in Figure
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Figure 2.8: Real against predicted values of the acceleration components for the case with the
Sun, Jupiter, Saturn, and asteroids. The real value is compared to those predicted by the Deep
Neural Network, the Hamiltonian Neural Network for the three bodies, and the Hamiltonian Neural
Network with only the asteroids in the loss function.

2.8). This combination of two networks is done with both the HNN and the DNN.

2.3.5 Output of the HNN

It is interesting to understand if the output of the HNN is the same as the actual interactive
Hamiltonian of the system (Equation 2.4). To test this hypothesis, we set up an experiment
for SJS in which we compare the output of the HNN with the interactive energy of the
system.
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In Figure 2.9, we show that the predicted values of the interactive Hamiltonian with
the HNN, i.e., fHNN(X) (WH-HNN H in Figure 2.9) are not the same as the interactive
energy of the hybrid integrator HWH-HNN

inter (WH-HNN Energy in Figure 2.9). The energy
of the numerical solution HWH

inter is also plotted as WH Energy for reference. The energy
evolution of the hybrid integrator exactly coincides with the one of the numerical solution.
The output of the HNN does not correspond to the energy value. Therefore, the output of
the network does not have physical meaning. This can be explained by realizing that the
accelerations obtained with the HNN depend on the relation between the output and the
gradients. As a consequence, different combinations of these two variables may lead to
similar values of the accelerations.

Figure 2.9: Comparison of the output of the Hamiltonian Neural Network with the interactive
Hamiltonian of the Wisdom-Holman integrator.

2.4 Results of the hybrid Wisdom-Holman integrator

In this section, we use the networks trained in Section 2.3 in a simulation to further study
their performance.

2.4.1 Integration parameters

We initialize the simulation with the state of the Sun, Jupiter, and Saturn from the Horizon
System of the Jet Propulsion Laboratory White (2022). We consider a variable number
of asteroids initialized with a semi-major axis chosen randomly between 2.2 and 3.2 au,
an eccentricity of 0.1, an inclination of 0◦, and a random true anomaly. Then, we use
the Wisdom-Holman integrator with a time step (h) of 0.1 yr until a final integration time
which depends on the specific case (SJS or SJSa).
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2.4.2 Validation of the code

Before discussing the results, we validate the hybrid implementation of the Wisdom-
Holman integrator with the neural network. For this purpose, we compare two methods
for SJSa: without replacing the HNN result by that of the numerical integrator if the re-
quirement (Equation (2.9)) is not achieved (without flags), and the method with flags as
described in Subsection 2.2.3. In Figure 2.10 we show the accelerations of Saturn and
two asteroids: asteroid 1 within the limits of the training dataset and asteroid 2 outside to
study the extrapolation capabilities of the network. When the prediction of the network is
accurate, as it is for Saturn, no flags are needed. However, when the network is not able to
reproduce the numerical results, as in the case of asteroid 2, the hybrid integrator detects
the poor predictions and replaces these with the results of the numerical calculation. By
doing so, the hybrid HNN method becomes significantly more robust against prediction
errors. In 2.B, we discuss the number of flags as a function of the parameter R from
Equation (2.9).

Figure 2.10: Comparison of the accelerations of Saturn, asteroid 1 with an orbit inside the range of
the training dataset, and asteroid 2 with an orbit outside the range of training data, using different
integration setups. First row: Wisdom-Holman integrator, second row: Wisdom-Holman integrator
with a Hamiltonian Neural Network, and third row: hybrid Wisdom-Holman integrator with a
Hamiltonian Neural Network and R = 0.3. In the third row, the dots represent the points in which
the numerical integrator was used because the prediction of the neural network was not considered
sufficiently accurate.

We show in Figure 2.10 that the hybrid integrator yields better solutions for the accel-
erations. However, verifying the predictions of the networks at each time step entails a
cost in terms of computing time.

The numerical integration scales with N2 whereas the neural network result scales
withN . For a small number of asteroids, the additional computing time needed to include
the neural networks into the integrator makes the method with neural networks more
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expensive than the numerical computation. We therefore study what the minimum number
of asteroids is to make the use of neural networks computationally less expensive than
the numerical computation. In Figure 2.11, three cases are displayed: Wisdom-Holman
integrator, WH with HNN without flags, i.e. HNN, and hybrid WH with HNN, i.e, WH-
HNN. For a number of asteroids ≤70, the use of the HNNs is not preferred above WH as
it takes longer to run. However, as the number of asteroids increases, using either HNNs
or the hybrid method with HNNs within the integrator results in faster computations,
halving the computing time for 2,000 asteroids. Using the hybrid method with the HNN
only slightly increases the computing time with respect to the pure HNN case since the
prediction for each asteroid is evaluated and replaced individually if necessary. In Figure
2.11b, we see that the hybrid integrator reduces the energy error without significantly
increasing the computing time. Since the energy error is dominated by the planets, a small
improvement in the energy error implies a significant improvement in the predictions of
the accelerations of the asteroids.

(a) (b)

Figure 2.11: Computing time (a), and difference in computing time and energy error with respect
to the numerical solution (b) for the integration to 20 years as a function of the number of asteroids.
Three cases are shown: numerical integrator (WH), numerical integrator with Hamiltonian Neural
Network (HNN), and hybrid numerical integrator with Hamiltonian Neural Network (WH-HNN).
The N and N2 lines are displayed as a reference for linear and quadratic scaling, respectively.

The computing times shown in Figure 2.11 refer to the times for the calculation of
the accelerations, i.e., the training times for the neural networks are not included. Once
the networks are trained, they can be used in multiple experiments. For example, if the
objective is to run 100 experiments, a training time of 2 h is negligible compared to the
total computing time.

2.4.3 Trajectory integration
Once the neural networks have been trained, we integrate SJS for 5,000 years (Figure
2.12) and SJSa for 1,000 years (Figure 2.13). To study the extrapolation capabilities of
the network, we add two asteroids to SJSa, of which the initial conditions are within the
range of training parameters (asteroids 1 and 2) and one asteroid with a semi-major axis
outside the range (asteroid 3).
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In Figure 2.12, we compare the trajectory, change in eccentricity, and energy error of
the hybrid integrator with the HNN and the DNN with respect to the numerical integration.
The integrator with the HNN (WH-HNN) reproduces the change in eccentricity of the
integrator better than the one with the DNN (WH-DNN). The evolution of the eccentricity
is an important indicator of how well the orbit is reproduced using the neural networks.
Another indicator is the energy error (third row). Although the WH-HNN leads to a larger
energy error than the WH integrator, it shows symplectic behavior. In contrast, the use
of the WH-DNN leads to a systematic drift in the energy error. This causes a gradual
divergence from the numerical solution. We illustrate this with Figure 2.7, where the
DNN produces prediction errors that are asymmetrically distributed around the zero-error
line. We conclude that for the SJS case the hybrid integrators with the HNN and the DNN
can reproduce the numerical results for short time scales, although the use of the latter
results in a systematic deviation from the reference solution.

Figure 2.12: Simulation results for the Sun, Jupiter, and Saturn (SJS). The results are generated
using the Wisdom-Holman integrator (left), hybrid Wisdom-Holman with the Hamiltonian Neural
Network (middle), and hybrid Wisdom-Holman with the Deep Neural Network (right). The tra-
jectories in the x-y plane are shown in the first row, the eccentricities in the second row, and the
relative energy error in the third row.

For SJSa, the results in Figure 2.13 show that the trajectories of asteroids 1 and 2 can
be predicted with both the WH-HNN and the WH-DNN for short integration times. For
longer integration times, the DNN is not able to reproduce the trajectories of the asteroids
accurately; there is a systematic drift in the evolution of the eccentricity. Regarding the
extrapolation capabilities of the networks, neither the HNN nor the DNN can predict
the trajectory of asteroid 3. However, the hybrid integration allows the accelerations to
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be adjusted to the numerical values, leading to more accurate trajectories. Regarding
the energy error, the behavior observed is the same as in Figure 2.12 since the energy
magnitudes of Jupiter and Saturn dominate over the energy magnitudes of the asteroids.
We conclude that for short time scales both networks incur in a small error with respect
to the numerical integration results, but the HNN achieves a more accurate reproduction
of the trajectory of the asteroids over a longer time scale.

Figure 2.13: Simulation results for the case with the Sun, Jupiter, Saturn, and asteroids. The
results are generated with the Wisdom-Holman integrator (left), hybrid Wisdom-Holman with the
Hamiltonian Neural Network (middle), and hybrid Wisdom-Holman with the Deep Neural Network
(right). The trajectory in the x-y plane is shown in the first row and the eccentricity in the second
row. Asteroids 1 and 2 are within the limits of the training dataset and asteroid 3 has a semi-major
axis below the lowest limit of the training dataset to study the extrapolation capabilities of the
networks.

2.5 Conclusion

In this paper, we studied the use of Artificial Neural Networks for the prediction of accel-
erations in a planetary system with a star orbited by two planets and a number of asteroids.
We compared the results produced by a Deep Neural Network and a Hamiltonian Neural
Network. The latter includes physical knowledge about the conservation of energy.

In contrast to previous studies that use neural networks for the gravitational N-body
problem, we focused on an actual astrophysics problem. By using a case-specific inte-
grator and modifying the number of bodies and their masses and positions to represent a
realistic scenario, we encountered challenges that are not found when using this problem
as a test case.

We created a method that circumvents some of the major challenges of using neural
networks for the N -body problem. First of all, by using a hybrid integrator that evaluates
the prediction and chooses between the numerical or the neural network solution, we



CHAPTER 2 43

addressed the problem of accumulation of errors over large timescales. Secondly, our
setup allows for a variable number of bodies in the system without the need to retrain the
network. With the simplest setups found in literature, an increase in the number of bodies
in the system implies that the network needs to be retrained. Finally, we use custom
activation functions and weights in the loss function to adapt to the characteristics of the
problem.

Although based on the optimistic results from the literature Raissi et al. (2019b); Lu
et al. (2021); Greydanus et al. (2019a) we expected the HNN to outperform the DNN, in
the case with the asteroids, the HNN could not be trained to predict simultaneously the ac-
celerations of the planets and the asteroids. Because of the presence of physics constraints
in HNNs, normalization is not possible. This becomes an obstacle for training due to the
differences in masses of the bodies. We therefore trained two individual networks for the
accelerations of the planets and the asteroids. Although using HNNs has its advantages
for the simplified case with Jupiter and Saturn, we demonstrated their limitations for other
configurations.

HNNs turn out to be more time-consuming and harder to train, in contrast to the
DNN. We had to develop a dedicated activation function specifically for this problem and
the hyperparameter optimization performed was time-consuming as well.

With more than 70 asteroids, the integration with the neural networks becomes faster
than the direct numerical integration, and for 2,000 asteroids the use of neural networks
leads to a halving of the computing time. Since the goal is to create a method that can
be used multiple times, the performance comparison does not include the time used for
training.

We developed a hybrid integrator to alleviate the problems induced by the introduc-
tion of neural networks in the integration process. By verifying the prediction made by
the ANN at each time step and replacing this prediction by the numerical integrator if
necessary, the integrator becomes more reliable and robust to prediction errors without
significantly increasing the computing time. Therefore, for a sufficiently large number
of asteroids (∼ 70), we find that the hybrid approach with the HNN proposed here out-
performs the direct integration without losing the underlying physics of the system, as
opposed to the hybrid integrator with the DNN. Although our study shows that it is ben-
eficial to use physics-aware architectures that conserve the symplectic structure of the
integrator, our hybrid method is independent of the network topology chosen. We fo-
cused on the simplest cases of neural networks to allow for a better understanding of the
underlying challenges of the problem, but further studies should focus on the use of more
complex network topologies.

In short, we showed that neural networks can be used to speed up the integration
process for problems with a large number of asteroids. However, for long integration
times, the prediction errors may accumulate causing the results to diverge with respect to
the solution obtained by direct numerical integration. Moreover, if no hybrid integration
method that verifies the prediction of the network is used, these prediction errors may lead
to unphysical solutions on a short time scale. The use of HNNs is justified for cases in
which normalization is not needed to train the network, which in this study means when
the masses of the different bodies are of the same order of magnitude. When the HNNs
can be trained, they show symplectic behavior, with the energy error oscillating around
the initial value. In contrast, DNNs are easy to train and lead to satisfactory solutions,
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Appendix

2.A Dataset parameters

The parameters for the simulation and initial conditions are shown in Table 2.1. The
orbital elements which have not been included in the table, i.e., the right ascension of the
ascending node and the argument of the periapsis, have been set to zero.

Table 2.1: Summary of dataset parameters. sma is the semi-major axis. J represents Jupiter, S
Saturn, and a the asteroids

Parameter SJS & SJSa
Experiments (train) 500
Experiments (test) 25
Time step 5.0 ×10−3 yr
Final time 30 yr
Mass J (mJ ) 9.543e-4 MSun
Mass S (mS ) 2.857e-4 MSun
Mass a (ma) [1 × 1019, 1 × 1020] kg
sma J (aJ ) [4, 8] au
sma S (aS ) [8.5, 10] au
sma a (aa) [2.2, 3.2] au

Parameter SJS & SJSa
Eccentricity J (eJ ) [0, 0.1]
Eccentricity S(eS ) [0, 0.1]
Eccentricity a (ea) [0, 0.1]
Inclination J (iJ ) [0, 6◦]
Inclination S (iS ) [0, 6◦]
Inclination a (ia) [0, 6◦]
True anomaly J (fJ ) [0, 360◦]
True anomaly S (fS ) [0, 360◦]
True anomaly a (fa) [0, 360◦]

The distribution of inputs and outputs of the training dataset for the case with the Sun,
Jupiter, Saturn, and the asteroids is shown in Figure 2.14 and Figure 2.15, respectively.

Figure 2.14: Distribution of inputs for the training dataset. The inputs include the position vectors
and masses of the two planets and the asteroids
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Figure 2.15: Distribution of outputs for the training dataset. The outputs include the acceleration
vectors of the two planets and the asteroids.

2.B Hybrid method

In Equation (2.9), we showed the criterion for rejecting the prediction of the neural net-
work. Depending on the value of R chosen, the balance between energy error and com-
puting time changes. We show in Figure 2.16 the number of flags for three values ofR for
the integration of asteroid 1 with the HNN. AsR increases, the method becomes less strict
and the accelerations predicted are further from those calculated numerically. If R is 0.1,
all HNN values are rejected, and the whole simulation is done ignoring the predictions of
the HNN.

The computing time decreases as the number of flags needed is reduced, i.e, for larger
values of R.
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Figure 2.16: Comparison of the number of flags in the integration of Asteroid 1 with different
values of R (Equation (2.9)). First row: accelerations with flags for three different values of R.
Second row: Computing time as a function of R.


